“NSERTONSORT ... im/mvmemm—

ldea: like sorting a hand of playing cards

Start with an empty left hand and the cards facing down
on the table.

Remove one card at a time from the table, and insert it
Into the correct position in the left hand

o compare it with each of the cards already in the hand, from
right to left

The cards held in the left hand are sorted

o these cards were originally the top cards of the pile on the
table



INSERTION SORT

To insert 12, we need to
make room for it by moving
first 36 and then 24.
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Al INSERTION-SORT(A) L e s

for j < 2ton

do key <« A[ j ]
Insert A[ j ] into the sorted sequence 5\9[31 .. j-1]
P -1
while i > 0 and A[i] > key
do A[i+1] — A[i]

l—i-1

Ali + 1] < key

Insertion sort — sorts the elements in place



J
Al;.: INSERTION-SORT(A) L 2 3 4 5‘6

[ } 2141516113
do key — A[ ] Ly
Insert A[ j ]into the sorted sequence A[1 .. j -1]

l—j-1
while i > 0 and A[i] > key
do A[i+ 1] — A[i]
| «—i-1

Ali + 1] < key

Invariant: at the start of the for loop the elements in A[1 .. j-1]
are in sorted order



“PROVING COOFP INVARIANTS . . ——/—/————

Proving loop invariants works like induction

Initialization (base case):

It is true prior to the first iteration of the loop

Maintenance (inductive step):
If it Is true before an iteration of the loop, it remains true before
the next iteration

Termination:

When the loop terminates, the invariant gives us a useful property
that helps show that the algorithm is correct

Stop the induction when the loop terminates



OO TN AR AN T FOR NS ERTTON SSORT —
Initialization: '
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Just before the first iteration, j = 2: 5
the subarray A[1 .. j-1] = A[1], (the W/

element originally in A[1]) — is sorted
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iSialntenance:

the while inner loop moves A[j -1], A[j -2], A[j -3], and so on,
by one position to the right until the proper position for key
(which has the value that started out in A[j]) is found

At that point, the value of key is placed into this position.
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iermination:

The outer for loop endswhen j=n+1= j-1=n

Replace n with j-1in the loop invariant:

o the subarray A[1 .. n] consists of the elements originally in A[1. . n],
but in sorted order
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Invariant: at the start of the for loop the elements in A[1 .. j-1]
are in sorted order



INSERTION-SORT( cost

forj«<2ton Cq
do key — A[j] c,
pInsert A[ ] ] into the sorted sequence A[l..]-1] Q
l— -1 Ca
while 1 > 0 and A[i] > key Cs

do A[i + 1] « A[i] ¢,

l—1—1 c;

Afi + 1] — key C

ti: # of times the while statement is executed at iteration |
n

T(n)=cn+c,(n-1)+c,(n-1)+c, Zt +C Z( )+c Z(tj—

=2

times

n
h-1

h-1

h-1
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“BEST CASE ANALYSS 0 . ...TTI——

The array is already sorted “while i > 0 and A[i] > key”
Ali] < key upon the first time the while loop test is run (when i = |
_1)
t.=1

T(n) = cin + cp(n -1) + c4(n -1) + c5(n -1) + cg(n-1) = (¢c; * ¢,

+Ca* Cy+ CgN+ (Cy+ Cq+ Cs+ Cg)

=an+b =0(n)

T(n)=cn+c,(n-1)+c,(n-1) +C5Zn:tj +c62n:(tj —1)+ C, (tj —1)+ Cg(n—1)
j=2 j=2

j=2



WORST CASE ANALYSIS

The array is in reverse sorted order “while i > 0 and A[i] > key”
Always A[i] > key in while loop test

Have to compare key with all elements to the left of the j-th
position = compare with j-1 elements = t; = |

using Zn:j:M :>ij:@—1 => Z(j 1)_M we have:

T(n)=c1n+cz(n—1)+c4(n—1)+c5(n(n2+1)—1j+(:6 n(n2 1) C, n(n2 1)+cg(n—1)

—an‘+bn+c a quadratic function of n

T(n) = ©(n?) order of growth in n2

n

T(n)=cn+c,(n-1)+c,(n- 1)+c52t +C6Z( )+c Z(tj —1)+08(n—1)

j=2



COMPARISONS AND EXCHANGES IN
INSERTION SORT

INSERTION-SORT(A) cost times
forj<—2ton ct n
do key < A[j] C, n-1
Insert A[ | ] into the sorted sequence A[1. . -1] 0 n-1
l«—]-1 :
R ~h2/2 comparisons  C4 n-1
[_VVTTFFE_I_YOW[I >key ) Cs Z?:th ]
do A+t ~Ali n
{ e A 2,73
~n?/2 exchanges €7 2D
Afi + 1] — key y oA
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o Advantages

» Good running time for “almost sorted” arrays ®(n)
o Disadvantages

» ®(n?) running time in worst and average case

» ~ n?/2 comparisons and exchanges




|dea:

Repeatedly pass through the array
Swaps adjacent elements that are out of order

Easier to implement, but slower than Insertion sort






-BoBBrESORT oo oo T ——mmmmmmm

Alz.: BUBBLESORT(A)

for i < 1to length[A]
do for j « length[A] downto i + 1
do if A[j]< A[j -1]

i then-exchange-Alj] & A[j-1]




BUBBLE-SORT RUNNING TIME

Alg.: BUBBLESORT(A)
fori < 1tolength[A] ¢
do for j < length[A]downtoi+1 €2
[do if ALj1< A[j-11 | ¢
then exchange A[j] & A[j-1] ] Cyq

Exchanges: ~ n2/2 L

T(n) = c4(n+1) + czi(n—i+l)+c3i(n—i)+c4 Z_ll(n—i)

- @(n) + (C2 +Co t C4) i(n_l)

where Z(n—i):Zn—Zi:nZ_n(nH):n _hn
i—1 i=1 i—1 2 2 2

Thus, T(n) = ©(n?)



ldea:
Find the smallest element in the array
Exchange it with the element in the first position

Find the second smallest element and exchange it with the
element in the second position

Continue until the array is sorted

Disadvantage:

Running time depends only slightly on the amount of order in
the file
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Alz.: SELECTION-SORT(A) o
n « length[A] =
forj«—1ton-1

do smallest < j
fori<—j+1ton
do if A[i]< A[smallest]
then smallest « i
exchange A[j] < A[smallest]




AN ALY SIS O e TTON SO T

Alg.: SELECTION-SORT(A) cost times
— length[A
n«— length[A] c, 1
forj—1ton-1
cC, h
do smallest « j
. Cs3 n-1
5 fori— j+1ton
~n?/2 . ) )
comparisons ~ do if A[i] < A[smallest] 4 Z,zl(”‘H )
. then smallest —i €5 Dra(n-J) |
~N : .
exchanges exchange A[j] < Alsmallest] Co 2.,.(n—1)
\’[ C7

T(Nn) :cl+czn+c3(n—1)+c4§(n— j +1)+c5ri(n— j)+06§(n— j)+c,(n—-1) =6(n?%



