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I5°| Elimination

Gauss Elimination
Gauss-Jordan Elimination

IZ| Factorization
Product Form of Inverse
LU Factorization
LDL! Factorization
Cholesky LL' Factorization

Elementary
Fow OCperations

e Multiply any row of the matrix by a (positive
or negative) scalar

¢ Add to any row a scalar multiple of another row

¢ [nterchange two rows of the matrix

(SLrictiv speaking, the third is not elementar),
BECHUSE T Can De Focomplished f & segquence or
ihe alther two row oneralionst/
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Clementary [
Row COperations

e Multiply any row of the matrix by a (positive
or negative) scalar

VB ¢ ki ERO1 Aj;k;i
[1] kekr[1]

[2] i¢kr[2]

[31B <A

[4] Blijle k XxBlij;]
v

Elementary

¢ Add to any row a scalar multiple of another row
VB ¢ kij EROZ Ajkgjizj

[1] kekij [1]

[2] i€kij [2]

[3]1 jekij [3]

[4] B « A

[51 BlijleBlijl+k xBIlj;]
v
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Clementary [
Row COperations

¢ [nterchange two rows of the matrix
VB ¢ 1j EROZ Ajijj

[1] i€ ijl1]

[2] je ij[2]

[3]1 B ¢« A

[4] B[ij;]leBlj;]

[51 Blj;]e Alig]
v

Elementary Column |

OCperations

e Multiply any column by a (positive or negative)
scalar

¢ Add to any column a scalar multiple of
another column

¢ [nterchange two columns of the matrix

page 4



Solving Linear Eqgns page 5

Equivalence ]
of Matrices

Matrix A is eguivalenf to matrix B (A~B)

if Bis the result of a sequence of elementary

row &/7or column operations on A.

If only row operations are used, then A is
row-eguivalent to B

If only column operations are used, then A is
column-eguivalen? 1o B

——an mxn matrix with the properties

¢ cach of the first k (O<k<m) rows has some
nonzero entries, and the remaining m-k rows
consist only of zeroes

¢ the first nonzero entry in each of the first k
rowsisa 1"

¢ in each of the first k rows, the number of zeroes
preceding the leading " 1" is smaller than it is
in the next row
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HELON MATRIX Example

} k=3 =rank

Nole.: every malrix is row-eguivalent o
some echelon malrix.

2
S
1
0
0

O O v O 0

Theorem |

If A is equivalent to B, then the rank of A
equals the rank of B.

RANK . size of the [argest (sgusre) nonsingilar
SUMELTY
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Matrices

page 7

An elemeniary mairix £ is the result of

performing an elementary operation on an
identity matrix.

Example (1 00| [1 o0 0]
(Flemeniary row o10!~l0 10
aperFiion. add =2 Limes
First row to third row) 20 011 1-20 13

pre—mulftipfication
by elemeniary
matrix

If E is an mxm elementary matrix and A is
an mxn matrix, then EA equals the result of
performing the same elementary saw operation

on matrix A.
Example. (1 00 |[2-104] [2-10 4
Fdd =2 fimes
sl row to
Lt o -2 0 11L4 3 1 2 L0 § 1 -6

Multiplication by an |§

010 51 3-1|=]15 13 -1
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If E is an mxm elementary matrix and A 1is
an mxn matrix, then AE equals the result of
performing the same elementary cefumn operation

on matrix A.
. . 2 -1 0 |_ i} 2 -10
Exampie. {00
a7 =2 Limes 5 13 01 0k 11 3
Z/’?x’/”hd./ celumn 4 3 1 5 3 4
to First column >0 1|
e d Cr&sa/z‘ o t2 2 14
post-multinlication SUBLraCling Lwice Liird
by elementary malrix cofn Foim 1irst

Calculation of

Matrix Inverse

To compute A™', augment the matrix A on the right

by the appropriate identity matrix [A ]|, and
perform elementary row operations on this matrix
to obtain [T/ P|. Then P= A"
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Calculation of

Matrix Inverse

Fxample: [1 211 00| [1 0 0i-4-53]
1-11010|"|01033-2
(01 3001]) Loo 1-1-11.
(121 |! [-4-53]

and so
1-11| =[3 3 -2
01 3] Ll-1-11.

Pivot operation on row r, column s

i.e., element AY of mxn matrix A:
A sequence of elementary row operations:
® Fori=1,2,..m buti=r:

AS . .
add - ‘/Ai Limes row r Lo row i

¢ Multiply row r by the scalar 1/A§

Ertect, coltimn & will consist of zeroes, wilh ihe
exception ol g 17 i row

FNNG. LS 15 ol Ihe ondle Seguence oF elemeniary
POV QRErFLTONS REVING s ertect!
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. _ A& pivoll
1 /5 0 R; «R;- 1/3 R
1 45 0 |R,<R;-13R;

0 15 1 _R3<—1/3R3

L0 1 (3). \ 2 3 0 | Nol 7 pivoel!

1 45 0 |R,<R,-R,

0 1/3 1 | Re eR2—1/3R3
R; « 1/3 R

Pivot Matrix |

A pivot matrix corresponding to a pivot on

row r, column s of a matrix A is the result

of performing the same elementary row operations
on the mxm identity matrix,

A pivot matrix 1s the product of elementary
matrices!
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Pivot Matrix Aj N
0. AL g
Ay
A
Liffers rrom o 1 - -ig; 00
the mxm identity d
malrix onfy in {
column r o 0 - ;F 0 0
r
AS
0 0 . _lm 1 0
A
Asr
0 0 - 0 1
» Ay _

Pivot Matrix ||

VP € ij PIVOTMATRIX Ajijjs;M
[11 1 € ijI1]

[2]1 J € 1JI[2]

[3]1 P ¢ IDENTITY Me(pA)I[1]

[4] PICGi#FWM)/AMsile(i®s M) /-Al; j1+Al1;]]
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Pivot Matrix |

To store a pivot matrix, we need not store the
entire matrix, but only

¢ the number (r) of the pivot row
¢ column #r of the pivot matrix (the ef# wvector)

A A3 1 Al
n :{— d_,.pgg,— J_,_:;’g,--- :;-Fg’..-— r,_,,-rﬁr""l;
r r r Ar

F576 16 suiticient informalion Lo reconsirict the
Ll iy

Product Form |
of the Inverse

If matrix A is nonsingular, then a sequence of
pivots down the diagonal of A (with possible row
interchanges to avoid zero pivot elements) will
reduce A to the identity matrix. This is equivalent
to pre-multiplying A by a sequence of pivot
matrices: (P -+ (P3(P2(P1A) ) )---) =1

—  (Pm--- P3P2P1)A=1

— A'=Pp..- P3P, P,
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Product Form |
of the Inverse

In the Revised Simplex Method, computation of
values in the tableau is done, not by pivoting in

the tableau, but by either pre-multiplication or
post-multiplication by the inverse matrix:

¢ Computation of simplex multipliers usew i
seleciing

-1 :
= cB(AB) oIl
. . . SRS
& Computation of substitution rates .
s i

Bi-l,s Al
— DT onTIiG
*=(A") A e pilvad

OIIUSHEE Coive 7 AP-cB for n:
Simplex Bl
ultipliers n = cP(A”)

= cB (Pg Py1--- P3P2Py)
= (((---(cBPg)Py1 - - -P3)P2)P )

Backward fransformaliion’, or BIRAN

The pivot matrices are processed in the reverse
of the order in which they were generated,
]e, pk pk—1"' p3 p2 p1
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For each pivot matrix P,
we need to calculate n=vP
SR /"/?

1 0...T'Il .

e O
oo

ﬂ:[\ﬁ Vz «++ Vg Vp ] 0 Onr 0 0

[y
=Lk

T
0Ny ---0 1

:[vl Vo «.s (Z vmi) cer Vo vm]
e x*\j

o=

A% forj=r
ﬂ.j:
2. vy forj=r
i

Step O: Set v=cP and k =# of ETA vectors
Step 1. Using BTRAN formula above, compute
with ETA vector #k
otep 2: Ifk>1, let v=n and k=k-1, and go
to step 1; else proceed to step 3.
Step 3: The final value of = is the solution
of m AB = cP

page 14
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Solve AF o = A® for substitution rates o

o= (AP) A8
= (PgPgi--- P3PoP A’
= (Py(Pg-1---P3(P2(P1A%))---))

Forward [ransformation’, or FIRAN
The pivot matrices are processed in the same
order that they were generated,

i.e., p1,p2,p3,"' pk-]’pk

caliinn /?

1 01y 00 _ -
0 1.1 -0 0| Vi +11Vy
o [w] | vemews
¢ = 0 Onr -0 0 Vo | = :

| Y,
0 0 - -Mpy---1 O | [Vl | Vit MaVe

| 0 0.1y ---0 1|

That is, vit v, fori=r
¢ =

N:Vy fori=r
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N:Vy fori=r

vit v, fori=r
¢ =

Step 0: Set v =A% (e.g., column of original tableau),
and k=1,

Step 1. Using the FTRAN formula above, compute o
Step 2: If k < # of ETA vectors, thenlet v=ao

and k=k+1, and go to step 1; else proceed

Lo step 3.
Step 3: The final value of v is the solution o of
the equation AP o = A®

-—a method for solving Ax=b by performing
a sequence of elementary row operations
on the augmented matrix A b| to reduce it
to an echelon matrix. The solution is then
obtained by "back-substitution”.
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X1+ X2+ x3=4

Example: X1+ 2x2+2x3=2
X1- X2+ XxX3=2
(11 1i4] [1 1114
X1+ X2+ x3=4
1 2 2:2|171011:-2|= X2 + X3 =-2
x3= 3
-1-11:21 LO O 1 3.
Backsubstitution:
X1 = 4 - X5 - X3
X2 =-2 - X3 B — x1 =6
x3= 3 }sz—-5

GCauss-Jordan

Elimination

-—-similar to Gauss elimination, except that the
coefficient matrix is diagonalized by further
elementary row operations, eliminating non-
zeroes above as well as below the diagonal.
Eliminates the need for "back-substitution”.
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X1+ X2+ x3=4

Example: X1 +2x2+2x3=2
-X1- X2+ X3=2
(1114 [111i4] [100:!6]
1t 22 2|"lo1t1 2|~|lo1o -5
111 2] Lloo1 3] loo1 3.
That is, S
X2 = -9
X3 = 3

Compared to " causs Flrmination Flus Back
Substitution’, CGauss- jfordan Eirmination
Fequires more compiialion--

especitally 1f the equations are to be sofved
for several right-hand-side vectors/

page 18



Solving Linear Eqgns page 19

CGauss Elimination as |

Matrix Factorization

A =PLU

Pis a permutation matrix (which performs the
interchange of rows for partial pivoting)

L is a lower triangular matrix, [0

U is an upper triangular matrix | o=\

(1 2 1] (1 2 1] (1 2 1 ]
A= |-1-11 B 01 2 > |01 2 |=U
01 3 01 3 0 0 1

RyR2+Ry R3<R3-R5 j
- . - . ff{z;zw‘— 1
1 0 0 1 0 0 £ YL*?!.?gUJ{*?f h
Fhatolaaiig

™
Il

11 0|:E2=]01 0 \

y
Loner

<

.

0 0 1 L0 -1 1 Lrianguiar
INARTCES )
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E2Ei1A=U
M Loner
& Lrianguiar
L i i i i akriy
1 0 0 1 0 0 >
~ ~
L=l11o0|;L =(110]|=L
-1 -1 1 _ L0 1 1.

Matriy A i

f, A=U — A= ﬁ'IU = LU factored into a
Lot of
foner & upper
Lrvangiar
malricess

Suppose that we need to solve

X| +2X2 +xX3 = 2
-X1 -X2 +X3= 9
X2+ 3xz3=-1

(1 00][1 21
A =LU =110 01 2

01 11L0 0 1
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To solve Ax=b, i.e., L(Ux)=b:
¢ solve Ly=b for y (Forward suhsiituiion/

‘1 00] [2 gy =2

11 0|¥=|5| = 4 ¥2=5+y1=7
y3=-1-y2=-8

L0 1 13 -1 _
¢ solve Ux=y for x (Back ward substitiulion/
(1 21| [2] x1= 2-2x2-x3=-36
01 2 |x=|7 p— Xo= 7-2x3=23
X3=-8
L0 0 1 | -8 _

CH it ILerest wihen
e mFlriy A 15 SWnuneiric
,.md LOSIENe Jerinile, 8.40., Hessian of & convey Finction.

LDLT Factorization

Start with the factorization: A=LU

Let D be a diagonal matrix with Dj= Uj

Then D is a diagonal matrix with elements I

Define U=D'U = u=DU sothat A=LDU

By symmetry of A, A=AT
= LDU = (LDU)" = U'DTLT

— U=LT
That is, A= LDLT

L is fower
LI E, i
£ 75 dizgons!
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Suppose that A= LDLT
n n .
Consider the quadratic form xTAx = > > Alxix
P
n .
xTAx =xTLDLTx = [LTx[ D[LTx]=yTDy = 2 Diy}
i

where y=LTx

If D!>0, then, xTAx >0 for all x

A 75 poasiiive |
semidelinite |

If Di>0, xTAx >0 forallx#0(= vy #0)
A IS positile
deliniie

- S\nUNELrIC
Cholesky Factorization [
a2 A _ ﬁ ﬁT
Cﬁ QWEL LI ENGL S

Suppose that we have the factorization A= LDLT
Define a new diagonal matrix D where D= YDl

so that D=DD
Then A=LDLT=LDDLT=LDD'LT =LDILD/"
=LLT where i=L

-
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we wish to find the Cholesky
factorization of the matrix

201
A= 0 1 1
112
o
=
o
| ‘l’—100 2 0 1|
100201] &
010011 — |0 10 0 1 1
001 112 dh 0 1 0 1 3

inverse.
R;<Ra+15R,
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Rge R3 -Rz

1 0 0

— 0 1 0

iverse.!
R3 (—R3+R2

L is found by performing (on the identity matrix)
the inverse of the row operations used to reduce

| 1h 11
\. A

g
L_l (fower
rrangiiiand

2 0 1
0 1 1
0 0

s |

”

a

U upper
rrEnguiand

the A matrix;
1 0

R3%R3+1/2R1
R.<R.+R, — L=| 0 1
1501

page 24
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we now have the LU factorization of matrix A:

Reciprocsls of diggona!

1 0 0 2 0 1
A=LU=| 0 1 0 0o 1 1
151 1 J o1 15 ]
Define the diagonal matrix D
(2 0 0 15 0 0
D=0 1 0 — D= 0 1 0
0 0 15 0 0 2
Lirggons! elermenis
of matrix U efements o 7
Note that G=piu=| Y2 0 0 |[ 2 0
0O 1 0 0 1
0 0 2 ||l 0 O
S 1 i}
=10 1 1 = LT
0 0 1
And so, (1 00][2 0 0]][1
A=LDLT=
0 10 0O 1 0 0
1511 ]l0o 0 /][0

page 25
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Define the diagonal
matrix D where

Cholesky Factorization

20 0 | Di= /D]
D=1]01 0

0 0 Y|

1 00][v20 o] [+#~ o o |
i::Lﬁ:OlO 01 0 || 0o 1 o0

bt tflo o Yg] |25 1 Ys|

2 0 0 2 0 25 ]
A=LL = 0 1 0 0 1 1

25 1 Yzl 0o o Yz

201
This is the Cholesky factorization of [ 011 ]





