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U-5,Two Degree of Freedom Vibration
System

o *The vibrating systems, which require two coordinates to describe its motion,
are called two-degrees-of -freedom systems.

o *These coordinates are called generalized coordinates when they are
independent of each other and equal in number to the degrees of freedom of
the system.

o * Unlike single degree of freedom system, where only one co-ordinate and
hence one equation of motion is required to express the vibration of the
system, in two-dof systems minimum two co-ordinates and hence two
equations of motion are required to represent the motion of the system. For a
conservative natural system, these equations can be written by using mass
and stiffness matrices.

o * One may find a number of generalized co-ordinate systems to represent the
motion of the same system. While using these co-ordinates the mass and
stiffness matrices may be coupled or uncoupled. When the mass matrix is
coupled, the system is said to be dynamically coupled and when the stiffness
matrix is coupled, the system is known to be statically coupled.




Two Degree of Freedom Vibration System

o * The set of co-ordinates for which both the mass and stiffness matrix are
uncoupled, are known as principal co-ordinates. In this case both the system
equations are independent and individually they can be solved as that of a
single-dof system.

o * Atwo-dof system differs from the single dof system in that it has two natural
frequencies, and for each of the natural frequencies there corresponds a
natural state of vibration with a displacement configuration known as the
normal mode. Mathematical terms associated with these quantities are
eigenvalues and eigenvectors.

o * Normal mode vibrations are free vibrations that depend only on the mass
and stiffness of the system and how they are distributed. A normal mode
oscillation is defined as one in which each mass of the system undergoes
harmonic motion of same frequency and passes the equilibrium position
simultaneously.

o *The study of two-dof- systems is important because one may extend the
same concepts used in these cases to more than 2-dof- systems. Also in
these cases one can easily obtain an analytical or closed-form solutions. But
for more degrees of freedom systems numerical analysis using computer is
required to find natural frequencies (eigenvalues) and mode shapes
(eigenvectors).




Two Degree of Freedom Vibration System

o Figure 6.1.1 shows two masses m1 and m2 with three springs having
spring stiffness k1, k2 and k3 free to move on the horizontal surface.
Let x1 and x2 be the displacement of mass respectively.

Figure 6.1.1(a)




Two Degree of Freedom Vibration System

o by using d'Alembert principle or the energy principle (Lagrange principle or
Hamilton 's principle)
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Figure 6.1.1(b): Free body diagrams

o Using d'Alembert principle for mass m1 from the free body diagram shown in
figure 6.1.1(b) i

g g i ik =0 (6.1.1)

o and similarly for mass m2

Xy TRt tig R, = 0. (6-1.2)




Two Degree of Freedom Vibration System

Important points to remember

o Inertia force acts opposite to the direction of acceleration, so in both the free
body diagrams inertia forces are shown towards left.

o For spring m2 assuming x1> x2 , The spring will pull mass m2 towards right
by k2 (x2- x1) and it is stretched by x2- x1 (towards right) it will exert a force
of k2 (x2- x1) towards left on mass m2 .

o Similarly assuming x1> x2 the spring get compressed by an amount x2- x1
and exert tensile force of k2 (x2- x1). One may note that in both cases, free
body diagram remain unchanged.

o Now if one uses Lagrange principle,

o The Kinetic energy = 7 = %;ﬂle + % PR, (6.1.3)
| 1o, 1 , 1 o
o Potential energy = [/ =— At _kz{;»;l —;»;2] + _,i;zxz (6.1.4)
P 2 P




Two Degree of Freedom Vibration System

o So, the Lagrangian

1

14} 6.1.5
zmlxl mzxz] [ ’%1;"'1Jr kle %) Eksx:-? ( )

L=T-U-=

o The equation of motion for this free vibration case can be found from
the Lagrange principle _

0 d [ L ]_ L g (6.1.6)
L | gy Hexy,

o and noting that the generalized co-ordinate gl = ;J{l nd - Fa T Aa

o which yields )

o - — — (6.1.7)

) i+ (G i )n —hr =0,

o Mg Xy A t ik, Y x, =0 (6.1.8)




Two Degree of Freedom Vibration System

o Same as obtained before using d'Alembert principle.
o Now writing the equation of motion in matrix form
’551 ’i:z % ([ % 0
= (6.1.9)
CRE e L

o Here it may be noted that for the present two degree-of-freedom
system, the system is dynamically uncoupled but statically coupled.

sz




Two Degree of Freedom Vibration System

o Consider a lathe machine, which can be modeled as a rigid bar with
its center of mass not coinciding with its geometric center and
supported by two springs,

o
[ ]
k % %@
(o) Figure 6.1.2 Figure 6.1.3: Free body diagram of the system

o In this example, it will be shown, how the use of different coordinate
systems lead to static and or dynamic coupled or uncoupled
equations of motion.




Two Degree of Freedom Vibration System

o

O O o o

Clearly this is a two-degree-of freedom system and one may express the co-
ordinate system in many different ways. Figure 6.1.3 shows the free body
diagram of the system where point G is the center of mass. Point C
represents a point on the bar at which we want to define the co-ordinates of
this system. This point is at a distance from the left end and from right end.
Distance between points C and G is e. Assuming is the linear displacement
of point C and the rotation about point C, the equation of motion of this
system can be obtained by using d'Alember's principle. Now summation of all
the forces, viz. the spring forces and the inertia forces must be equal to zero
leads to the following equation.

F‘?E.»:E:ﬂ. +m£§;' +'£:1|CI.: _EIE.::I +k2{;{¢ +£_i'25|_§:| B [:]

Again taking moment of all the forces about point C

(6.1.10)

JEQ; t(mr + ﬂmﬂﬁ)g -k(r -L8) e (x +LE ), = g- (6.1.11)




Two Degree of Freedom Vibration System

o Noting . =Jsz+me | the above two equations in matrix form can
be written as

o moome|[x . ﬂ:+kz kol -
° me J||8] k- ,tl£3+kfﬂ (6.1.12)

¢

o Now depending on the position of point C, few cases can be studied
below.

o Case 1: Considering ¢ = 0 ,i.e., point C and G coincides, the
equation of motion can be written as

ol x+1,8)

o Figure 6.1.4




Two Degree of Freedom Vibration System

o Derivation of Equation of Motion and Coordinate

Coupling
[ ][][ﬁ:hECZ M_M”][]
0 J kb kil il (6.1.13)

o So in this case the system is statically coupled and if , this
coupling disappears, and we obtaix,, -, hcoupled x and vibratE;'s.

o Case 2 :If, ., the equation of motion becomes

od =kl

o mome|(x + Lk 0 ][Iﬂ] [D] (6.1.14)
; il
o Hence in thisl™ J 5{ [:I fi:lfl thl, ,ﬂf _[] d but statically

uncoupled.




Two Degree of Freedom Vibration System

o Case 3: ifwe choose &, = [, | ji.e. point C coincide with the left end,

o the equation of motion will become
o

.|.

T mel(3) [e+k, BLY(2) (0}

; m JA8) | &L (8] |0

I IR IR

o Here the system is both statically and dynamically coupled.

(6.1.15)




Two Degree of Freedom Vibration System

o Normal Mode Vibration

o

o

Again considering the problem of the spring-mass system in _

figure 6.1.1 with 81 = #2 . e, = Zae, % =dy =k =k the
equation of motion (6.1.9) can be written as

rpry, YA —x, ) Ak =0

Depast, —Aix — x,) A, = 0 (6.1.16)

o We define a normal mode oscillation as one in which each mass

O O O O

undergoes harmonic motion of the same frequency, passing
simultaneously through the equilibrium position. For such motion, we
let

% =141EM,IE =442Ei.-.=:r' (6.1.17)

Hence,

(2 — el —Ad, = 0
— i + (2 — 2@, = 0O (6.1.18)




Two Degree of Freedom Vibration System

o or, in matrix form

o r y 1 )
. 2k - ma k A _ 0 6.1.19)
2
& k-dmat (4] [0
o Hence for nonzero values of ﬂuﬂ_(ﬁ),%g&f =g_for non-trivial response)
2k — mar” k|,
.=
° —k 2k ima® (6.1.20)
o Now substituting @ =3 equation 6.1. yields
o i}
A - EEE"},%+E[£}3 =1
o P2 2 (6.1.21)

' 31 gk ko
o Hence, %=[§—%\E]£=D.534E and %=[E+E\E];=E.355;

FH




Two Degree of Freedom Vibration System

o So, the natural freq_ueues of the system are P Z 1nd

0. &5

;2
@, = |2 3665
Fx2

o Now from equation 6.1., it may be observed that for these frequencies, as
both the equations are not independent, one can not get unique value of and
. So one should find a normalized value. One may normalize the response by
finding the ratio of to . From the first equation 6.1. the normalized value can
be given by

4 k&
o A 2k—ma® 2k-mA (6.1.22)

o and from the second equation of 6.1., the normalized value can be given by

A Ck-Cma®  2k-2md
o A B i B i (6.1.23)




Two Degree of Freedom Vibration System

o

Now, substituting an® = 2 = D-GE-ﬂE in
equation 6.1.22 and 6.1.23 yields the same values, as both these

equations are linearly dependent. Here,

A _ O ES (6.1.29)
=P . 1

and similarly for @ = A, = 5 mee T

FAZ

[i] _ T2 (6.1.25)
<1 A=Ay 1




Two Degree of Freedom Vibration System

It may be noted

Equation (6.1.19) gives only the ratio of the amplitudes and not their
absolute values, which are arbitrary.

If one of the amplitudes is chosen to be 1 or any number, we say that
amplitudes ratio is normalized to that number.

The normalized amplitude ratios are called the normal modes and
designated by« a7 .

From equation 6.1.24 and 6.1.25, the two normal modes of this
problem are: _

500 0.7 al £ () —2. 7
:_|;.' — :_|: —

1010 1.010
In the 1st normal mode, the two masses move in the same direction
and are said to be in phase and in the 2nd mode the two masses
move in the opposite direction and are said to be out of phase. Also
In the first mode when the second mass moves unit distance, the first
mass moves 0.731 units in the same direction and in the second
mode, when the second mass moves unit distance; the first mass

moves 2.73 units in opposite direction.




Two Degree of Freedom Vibration System

When the system is disturbed from its initial position, the resulting
free-vibration of the system will be a combination of the different
normal modes. The participation of different modes will depend on
the initial conditions of displacements and velocities. So for a system
the free vibration can be given by

1= fAin( )+ Bsin(ag + )

Here A and B are part of participation of first and second modes
respectively in the resulting free vibration and wi nd s, are
the

phase difference. They depend on the initial conditions. This is
explained with the help of the following example.

Example :

Let us consider the same spring-mass problem (figure 6.2.1) for
which the natural frequencies and normal modes are determined. We
have to determine the resulting free vibration when the system is
given an initial displacement




Two Degree of Freedom Vibration System

o Free vibration using normal modes

o
Figure 6.2.1

o Solution : Any free vibration can be considered to be the superposition of its
normal modes. For each of these modes the time solution can be expressed

as.
{ } {0 ?31}
© S111 hE
_ 2731 .
[, Yoo [T ‘




Two Degree of Freedom Vibration System

o The general solution for the free vibration can then be written as:

X 0.731) -2.13]
=4 00 sinf @yt + )+ 5 | sty + 4ih)

v
o where A and B allow different amounts of each mode and  4&4
L, and allows the two modes different phases or starting
values.

o Substituting: ") _[5 iy 0731) s 2731
o) =of 11 ) T RS

o {m':([s]?;} ] {E} .y {n;.m}m " ad {1—2.731}m "
%

cos s = cosy, = 0 ==y =y, = 90 -




Two Degree of Freedom Vibration System

o Substituting in 1st set: ]

(e )o)

077314-27318 = 5 }ﬂ = 2.233

© A+ 5 =1|5=-1253
o

o Hence the resulting free vibration is

(@) -
X 0751 -2.731
=2.233 cos @ —1.233 COS e
x, 1.00 1.000




Two Degree of Freedom Vibration System

o Normal modes from eigenvalues

o The equation of motion for a two-degree-of freedom system can be written in
matrix form as

A 5+ E x=0 (6.2.)

o where M and K are the mass and stiffness matrix respectively; x is is the
vector of generalized co-ordinates. Now pre-multiplying in both side of
equation 6.2. one may get

T+ M1E x=0

or, fTx+Ax=0
o where g4=ar'x is known as the dynamic matrix. Now to find the
normal modes, ]
o x=Xg" x =X, , the above equation will reduce to

o A-AX=0| where x-{x =x) and J=g®

From equation 6.2. it is apparent that the free vibration problem in this case
Is reduced to that of finding the eigenvalues and eigenvectors of the matrix A




Damped-free vibration of two-dof
systems

o Consider a two degrees of freedom system with damping as shown in figure
6.2.7

o
3 — : i, 5
o 2y JW\N\; ”Iiz o5
o Figure 6.2.7
o Now the equation of motion of this system can be given by
o :
R e S et W
0 mlx k, & e[ X




Damped-free vibration of two-dof
systems

As in the previous case, here also the solution of the above equations can be
written as

— C _ st
e and Xz = “he (6.2.b)

o where Al, A2 and s are constants. Substituting 6.2.b in 6.2.a , one may write

¢85k, st + oyt )tk th
Now for a nontrivial response 1.e., Tor non-zero values ot /-\land A2, the
determinant of their coefficient matrix must vanish. Hence

J”?'3133*":':714'“*"2)5”51”5:4 “ry8—ky ”

”’315j o toleth +k, 0,5k

~0y5 -k, mzsj Heyte)sthy th




Damped-free vibration of two-dof systems

or  (ms’ + (e +ey)s +ky +lg)mys” + (e, +es)s 4k +lg) + (st )t =0

which is a fourth order equation in s and is known as the
characteristic equation of the system. This equation is to be solved to
get four roots. The general solution of the system can be given by

% = Ape™ + e’ + e+ et

xy = ™ + Ape™ + Ao’ + 4,0

Here _are four arbitrary constants to be determined
from thed;.: =1.2, 2.4 {itions and the coefficients. are
related to ‘and can be determined as Ay =12 3.4
<
Ay _ c,5 Ty

2
For a physical system w2 745 * &% c3)s v 5 % gia oyt with time.
For a stable system, all the four roots must be either real negative
numbers or complex number with negative real parts. It may be

recalled that, if the roots contain complex conjugate numbers, the motion
will be oscillatory.




Damped-free vibration of two-dof
systems(SEMI-DEFINITE SYSTEMS)

The systems with have one of their natural frequencies equal to zero
are known as semi-definite or degenerate systems. One can show
that the following two systems are degenerate systems.

X X g 8,
R S R |
iy _/V\NV\_ "y ; ! £l

Q0 OO
o Figure 6.2.8
o From figure 6.2.8, the equation of motion of the system is
o r 1/-% T 1f 3 )
mo Ul | & —klfx] (U
.|. =
_EI iy |\ %y _-ﬁ: ﬁ:_ B (




Damped-free vibration of two-dof
systems(SEMI-DEFINITE SYSTEMS)

_ _ _ jup _ it
o Assuming the solution % 141;3' and  x, = Adg

-ai:-ﬁ?zlﬂfr2 & {4 _ 0}
-k k-ma || 4] |0

o So for non-zero values of A, J.gﬂ'

k — —k

=10
—k k— @’

O k-m@ |k-me')-k =0
o or .E:E—,E:[ml+mj]m2+mlmjm4—ﬂ:2=[]i

oo @ (mm@ ~k(m tm)) =0




Damped-free vibration of two-dof
systems(SEMI-DEFINITE SYSTEMS)

_ &y toeeyy)
Fli FrEy

:}':Irl=[:]: and s

o Hence, the system is a semi-definite or degenerate system. Corresponding to

the first mode frequency, i.e ay =0, 4 =4, 50 the system will have a
o rigid-body motion. For the second mode frequency ]
Ak fomn _ ey oy

A k-ma ompny - mk(m te)  —mden my

o amplitude ratio is inversely proportional to the mass ratio the system. Similarly
one may show for the two-rotor system,

& _ _ 4

&, £

o the ratio of angle of rotation inversely proportional to the moment of inertia of
the rotors.




Two Degree of Freedom Forced Harmonic
Vibration System

O Consider a system excited by a harmonic force 7 sin at ‘expressed by the
matrix equation

" P xl + (A = # sngi (6.3.1)
IRV | YT | B 0

o Since the system is undamped, the solution can be assumed as

=3 A . (6.3.2)
Ay A




Two Degree of Freedom Forced Harmonic
Vibration System

o Substituting equation 6.3.2 in equation 6.3.1, one obtains
o Hence

y
kll P [ ]5111 = [ ]5111 s
oy ”'?“3:-.'1‘3:r kzz
o or Ay~ ”'5’311‘1:r [ ] ]
© oy — g @ ’t;m \ 0
i _ Aoy — R T e B2 o CTF T (7
= foyy — rrey @ -5523 iy mﬂ_ .
Aoy — F"’?ﬂzmz —hoy g + oAy ar [F]
I P @ gy e .

Eep _’1""’311'53:rﬂ Ay _-’"5’312'53rj
oy — Fﬂzlmg oy — -”-"-"'ﬂzmg




Two Degree of Freedom Forced Harmonic
Vibration System

o Hence -

= [ﬁ:m —%mﬂjﬁ

o

o where -E(m]]= ’gﬁl_*""‘gllﬂfrﬂ ’i:u_mmmj |
o ' _’gﬁ:zl_*"?'?-:u‘f:rg “i:zz_*"ﬂ;::amj_

_ (kzl_”%lmjjﬁ |
)




Two Degree of Freedom Forced Harmonic
Vibration System

o Two vectors x1 and x2 are normal if xfxl =1 and xng =1

xx, =0

o Two vectors x1 and x2 are orthogonal if .

o If x1 and x2 normal and orthogonal, they are called orthonormal, in that case

AHx, =4, i=-12, =12
o where “is the Kronecker delta, defined by {D £ j_
1;. —

lifi = ;




Two Degree of Freedom Forced Harmonic

o

o

Vibration System

Example 6.3.1

——* Zsin @
k, bk |
) i,

"

Figure 6.3.1

Consider the system shown |n figure 6.3.1 where the mass  #%; .is
subjected to a force gyt . Find the response of the system

when —
=':i".:‘.l F‘?E'-E :

e oy =k =i,




Two Degree of Freedom Forced Harmonic
Vibration System

o Solution :

o The equation of motion of this system can be written as

el )
G )

o So assuming the solution
= S111 X
o A ‘I'fz

o and proceeding as explained before




Two Degree of Freedom Forced Harmonic
Vibration System

-k Ck-ma

[Z(m}k[

Ye-mdt -k ]

d
M b

2
|Z(m)|=(2ﬁc-mmg)j -1 =ptat - dmk e + 3 =m3[m4 Ly +3k_]
i i '
Z(@)|=n(@ - —)@ -3 =i (@ &)@ - @)

_ L
o where, o = % and @22 =4 _ e normal mode frequencies of this system.
-

o Hence, 1 i

o : Vg

(2%-ma"|F 4=
Xl:mj[&ig‘{flf:l[ﬁlg‘{ﬂh mz(mg_mlz:'(mj_ﬁﬁ:' ‘




Two Degree of Freedom Forced Harmonic
Vibration System

o So it may be observed that the system will have
maximum vibration when @=a O @=a, SO
It may be observed that X =0 when
o =25
FH




o

O O O O

TUNED VIBRATION ABSORBER

Consider a vibrating system of mass  mg , stiffness #o3, subjected to a
force Mein® . As studiedin case of forced vibration of single-degree of
freedom system, the system will have a steady state response given by

' (1)
x= Fsmﬂ—,where&t,a’tlfml S

- 2
m(d, - 3)
which will be maximum when & =ax,
Now to absorb this vibration, one may add a
secondary spring and mass system as shown
in figure 13.

J F sin oot

.-'ql




TUNED VIBRATION ABSORBER

o The equation of motion for this system can be given by
o

0 mpn) [ & kx| O
o As we know for steady state vibration, the system will vibrate with a frequency
of the external excitation; we can assume the solution to be

(2)-(E)w

Substituting Equation (3) in equation (2) one may write

hth-md' -k &), (F
[ - h-m:ﬂ’][ffn]nm_[ﬂ

(2)

O O O O

(4)
fin &




VIBRATION ABSORBER

o Or, bth-mg'  -h (I1]=[F] (5)
(@) _nt: k’—?ﬂ:ﬂ, I
o Using Cramer's rule one may write

° [« \
0 k- H:ﬂ’ _(k=ma’) 7
° [h - ]I @) ©)
O k; m,m’
& +k, — o F‘
o %, o &7 (7)

¥ -
2 ‘[ﬁaﬂa p— |2(a)|

—k ky — H&@"]I




VIBRATION ABSORBER

b+ -ma' -k (9)
-k, k, —m &

where

Z(m}-[

o Now

a +kf:‘1 h:" “thmho' -k kg tamd’ 00

Here AmmdAd, are the roots of the characteristic equation . One
may note that these roots are the normal mode frequency for this
two-degrees of freedom system. These free-vibration frequencies
can be given by

A,:na-t(ﬂJ,&J,ﬁ]t LY 5] kb (12)

-

o B T | *"l“:"t




VIBRATION ABSORBER

From equation (6), it is clear that,

X, =0,%hen (& -me’) =), o vhen o' = 2.

"
Hence, if a system called the primary system with a stiffness
mass k|s subjectegg, to an exciting force

or base motion to vibrate, it is possible to completely eliminate
the vibration of the primary system by suitably designing an
attached spring-mass system (secondary system) with stiffness
and mass such thattthe natural freg®ency of the
secondary system coincide with the exciting frequency.

. (12)
@ — rl_""'a_
o This is the principle of dyna ¢ ViBration absorber.

o From equation (1) it may be noted that the primary system will have

resonance when the natural frequency of the primary system
coincide with that of the excitation frequency.




VIBRATION ABSORBER

o Hence to reduce the vibration at resonance of the primary system
one should design the secondary system such that the natural
frequency of both the components coincides.

:_ K _ K

mﬂ
o Wy
o For this condition
v (& —ma®) F
U (it -md) (k- me) -1
(& — w0 ) F
_ e e

1550




VIBRATION ABSORBER

o Substituting g=mlmand r= @ & the above equation reduces
to
(1-7")(F1 &)
(1+*.ur r ){1 r )

o or, Ej_fl_ (l—r ]

Fo(lu-r)1-r*)-p

Ay =




VIBRATION ABSORBER

o For, g = ":J'fml

(@)
12(@)|= Ak - wa"" nm. m*’ tmpy 2
m, m, oD

=‘:1*:'"’1E'*:‘=:"'3+“1E="3‘

X, =0

o and

o
= 62)




VIBRATION ABSORBER

0 0.5 1 1.5 2

To keep the displacement of secondary mass small, the stiffness of
the secondary spring should be very large.

To have this the secondary mass should also be large which is not
desirable from practical point of view.

Hence a compromise is usually made between the amplitude and
the mass ratio. The mass ratio is usually kept between 0.05 and
0.25.




VIBRATION ABSORBER

o Resonant frequency of the vibration absorber
o

o %_[24—”}[%]“ +1m D

o ar.(%)n -[(2+y}:|:4[2+_.u]’ —4):2

_ o o
- (1 L) fer

o 0.2 0.4 0.6 0.8 1
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VIBRATION ABSORBER




CENTRIFUGAL PENDULUM VIBRATION
ABSORBER

o The centrifugal pendulum vibration absorber was devised and patented in
France about 1935 and at the same time it was independently conceived and
put into practice by E. S. Taylor. Its purpose was to overcome serious
torsional vibration problem inherent in geared radial aircraft-engine propeller
system.

o Later it was modified and incorporated into automobile IC engines in order to
reduce the torsional vibrations of the crankshaft. This was done by integrating
the absorber mass with crankshaft counter balance mass.

o The tuned vibration absorber is only effective when the frequency of external
excitation equals to the natural frequency of the secondary spring and mass
system. But in many cases, for example in case of an automobile engine, the
exciting torques are proportional to the rotational speed n' which may vary
over a wide range.

o For the absorber to be effective, its natural frequency must also be
proportional to the speed. The characteristics of the centrifugal pendulum are
ideally suited for this purpose.

o Placing the coordinates through point O', parallel and normal to r, the line r
rotates with angular velocity ( 8 _|,){ﬁ,




CENTRIFUGAL PENDULUM VIBRATION
ABSORBER




o
o
o
o
o
o
o
o
o
o

o

CENTRIFUGAL PENDULUM
VIBRATION ABSORBER

acceleration of mass
o, =|-RF cuft bsin -4 ] R s pt-Rccngt g )| )
Since the moment about is zero,
X, =m[RE:" sin¢+R§nﬂsei+r(§+@’:|r=ﬂ )
Assuming & tobesmall, cosg=1zinH=¢, so
-- i - A4+ry =
¢+(79=)¢__[ r ]E (65)
If we assume the motion of the wheel to be a steady rotation plus a
small sinusoidal oscillation of frequency , Ghe may write
& = nt + &, sin 4
(66)
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CENTRIFUGAL PENDULUM

VIBRATION ABSORBER

O=nt+ab,cos @ =n

H=—8 a sin ax

Substituting the above equations in equation (65) yields,

;E+(§n’) &= (‘q +") @8, sin ax

r

Hence the natural frequency of the pendulum is

A
-:Il",.=.?-= T

and its steady-state solution is

P=

(R+~11r

—@? +(Rnli r

m:'-E-'ﬂ sit &

(67)

(68)

(69)

(70)

(71)




CENTRIFUGAL PENDULUM
VIBRATION ABSORBER

o It may be noted that the same pendulum in a gravity field would have
a natural frequency of . =

r

o So it may be noted that for the centrifugal pendulum the gravity field
Is replaced by the centrifugal field R

Torque exerted by the pendulum on the wheel

o Withthe 7 component of e, edqual to zero, the pendulum
force is a ténsion along  , given by ¢ times the E’-“component of

°  T=(Rcosgl +Rsin § ) xm| -RE ccs g+ Résin g-r(§+9" |f
o
= —mR4[ -Ro"%, sin aesin §-Ru’ - ru’ —rdf — 206§ |

o Now assuming small angle of rotation

0 T =—m(R+r)n’Re CEN

(72)
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CENTRIFUGAL PENDULUM
VIBRATION ABSORBER

Now substituting the (73) in (72),
—mR(R + r}’n’ fr 2

I= a8 sin ar
(R i r)— @ % (74)
el R +r] - ==
[ 1—ra i Ry o

Hence the effective inertia can be written as

p oo | B | m(R4r)
1@ iR 1-(ola) 79)

which can be at its natural frequency. This possesses some difficulties in the
design of the pendulum. For example to suppress a disturbing torque of
frequency equal to four tlmes the natural speed n , the pendulum must meet

the requirement (4_,,}1 wmRlr




CENTRIFUGAL PENDULUM
VIBRATION ABSORBER

Hence, as the length of the pendulum r=R {16 becomes very
small it will be difficult to design it. To avoid this one may go for
Chilton bifilar design.

o DESIGN CONSIDERATION

o To suppress a disturbing torque of frequency equal to 5 times the
torsional frequency n, the pendulum must meet the requirement

@ = (5n)"
R R

or toni =" = =25
” »




