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LP Duality

Cutline of Contents
Definition of Symmetric Primal/Dual Pair
Writing the dual of a general Primal LLP
Weak Duality Theorem
simplex multipliers solve the dual!

Economic interpretation of dual LP
Fundamental Duality Theorem
Farkas' Lemma

Complementary Slackness



LP Duality

The [SH*’MI\"IETI:&IC] primal/dual pair:

Minimize ctx Maximize by
subject to: subject to:
Ax 2 b Al Y < C
%oz 0 y x> 0

wiiere M 15 ST TSI, YA e Vaslors of fengii g
T WD S0 PeClors QX SRR T ates ,&,\t denotes transpose
of the matrix &)

Page 3



LP Duality

Note the following characteristics:
= the primal LP is mxn, i.e., m constraints (not including

nonnegativity) and n variables
= the dual LP is nxm, i.e., n constraints (not including

nonnegativity) and m variables

minimize ctx Maximize by
subject to: subject to;
Ax 2 b Ay <c
% 2 yox (

Page 4



LP Duality

Note the following characteristics:
= for every variable in the primal problem, there is a

corresponding inequality constraint in the dual problem
= for every inequality constraint (not including
nonnegativity), there is a corresponding dual variable

minimize ctx Maximize b'y
subject to: subject to;
Ax 2 b Ay <c
% 2 yox (

Page 5



LP Duality Page 6

Note the following characteristics:

= the right-hand-side vector (b) of the primal problem
serves as the objective function coefficient vector of the
dual problem.

minimize c'x Maximize b'y
subject to: subject to;
A

Aty <
X Y 2



LP Duality

gl

Example

Minimize 20x,+ 10x;

subject to

Sxyt wsr B
2%yt Zwgr B

Wz, war(

Lzl
Maximize By + Sy,
subject to;
Dy 2y L 20
¥+ 2yps 10

}-"1 EDJ '::.-"2 =[]



LP Duality

Eirrnsd

Minimize 20x,+ 10%,

subject to
Sy + :c:z@E:
2%+ 2x42)8

1 EDJ }521[:'

Lhinzd

Maximize By, + &y,

subject to:

Sy + 2y 20
b 2F2®1 U

'}-".I l[:]_, 'l':.-"z 2]

The primal problem is a MINIMIZATION with : constraints, while
the dual problem is a MAHIMIZATION with < constraints!

Page 8



LP Duality Page 9

Frirengld Liigd
Minimize @ Maximize By, + 8y,

DO s

subject to

SXyt Kpk B e,

2xi+ 2wpr B
%120, wp20 vy 20, vyl

The objective coefficients of the primal serve as the right-hand-
side of the dual problem!



LP Duality

Erirangd Liigs

Minimize 20x,+ 10%,

subject to

DEyt o Mok @ Sy, + 2y, < 20

2+ 2%,2(8 7 Y+ 2y5< 10
wyel, xpl w2l vzl

... and conversely, the right-hand-side of the primal problem
serves as objective coefficients of the dual problem!

Page 10



LP Duality

Al
Minimize 20x,+ 10%,
subject to

[5x1+ Wk E:]

2%+ 2xp: 8

wyel, wozl

To every constraint in the primal, there corresponds a dual variable.

Ll

Maximize

subject tag:

By

3Yy

t 8o

+ 2y < 20

¥

—

F 2y < 10

'::.-".I EDJ 'l':.-"z ED

Page 11



LP Duality

gl Lhigd

Minimize [20x,+ 10x, Maximize Oy, + Sy,
subject Lo subject to
DHyE ¥or B [S}q + 2y L ED]
2 2o 8 Wyt 2ye < 10
—
}{11[]_, EEED '::.-"1 EDJ 'l':.-"ElD

To every variable in the primal problem, there corresponds a
constraint in the dual problem.

Page 12



LP Duality

sl Lhigd

Minimize 20x,;+ 10x, Maximize Gy + &y,
subject to: subject to:
Sxy+ o xsr B Sy + 2y, £ 20
2xy+ Zwsr & vyt 2y 1 10
[ Wy e, wpel J [}q 20, y‘EEDJ

Both primal and dual problems include nonnegativity constraints
on the variables.

Page 13



LP Duality

Suppose hal we fave an inegquality
reversed in the primal proffem, for
Eﬁﬁﬁ?ﬂf&'_' Minimize 20x,+ 10x;

subject to: aglE ihe
/"_ revarsad
(PR PG
Sxyt .46

2%+ 2%y 8

Wy el ol
How do we write the dual of this problem?

Page 14



LP Duality Page 15

First we must fransform e prof/em

We multiply the offending inequality by -1, thereby
reversing the direction of the inequality:

Minimize 20x,+ T0x5 Minimize 20x,+ 10x,
subject to: subject Lo
SH O O s > =5x- %,z -6
2xyt Z2pr O 2yt 2y B

K1EDJ KEED K1EDJ KEED



LP Duality

Page 16

Now the problem is in the form of the primal in

the symmetric primal/dual pair. We can therefore

write 1ts DUAL problem:
Minirmize 20@,+ 10x, Maximize -By, + 8y
subject to subject to
—oy, T 2y, 4 20
— Yyt 2y, 10

z 2 [
%y, %20 A

_5:{1_ }:2 z _ﬁ
D%+ 2%y: B



LP Duality Page 17

[ 1s mnleresiing Lo now make g change of
variable: lel ¥, = Y,

Maxirmize -By, + By, Maximize Gy, + 8y,

subject to

subject to
—yy + 2y, 10 ¥y T2y, < 10
vy 20, v, 20 v 80, v e 0

LSRG S5 GUET GF IRE SRS lIC
SRS LS GET pEie, axcant far
AP EaSF LTI FER 0T

A REGET I

Y



LP Duality

Suppose Lhal, ralther than an inegqualily

consiraint, we had an equalily consiraint.

For example.
Minimize 20x,+ 10%,

subject to:
5}{1 + }'{2 = E'

2%+ 2%y 8

wye0, xp el

Whal 1s its D4l probiem?

Page 18



LP Duality

We must First transiform he egualily
consiraind inlo eguivalent inegualities.

Sxyt+ w26 Syt wpe B
p—

_5..:{1 - KE E_E:I

Sxy+ w,=6 :}{

oxyt %, LB

S aur proffem, in the form of the primal

I the symmelric primalsdual pair, 15
Minimize 20x,+ 10%5
5.t Sxy + ez B
—Dwy - Kol —£
2%y + P¥p2 8
7y 20, wsel

Page 19



LP Duality

We oo now write 1fs BUA probiemn

FEGE FESSGNE T S SRASFERT, WE CHGGEE TG SERE Gl ST YErTsNies

mat W, Ye, end Yo fbwt Yy, YW, end Ya
P: Minimize 20+ 10x; D: Max &) - Bvy + 8w,
5t Sxy + xzz B 5t
—oxy - wWpr-B oYy DY+ 2yl 20
2x + Zxze & Wi Ty 2y, < 10

% 20, %ol w20,y 20, yorl

Page 20



LP Duality

Notice thal the pair of dual variabies
Y, and vy,' always appear wilh opposite

SIGRS.

Max By) - By) + 8y, Max Blyy —wi') + 8y,

st st
oY) T oYl 2yt 200 Slyy—wi) + 2y, < 20
Yy Tt 2y 10 (yp—yi') +2y2< 10
vy 20, v 20, ypel yy 2,y 20, ypel

15 nsiructive now fo make the change
al varighle. Y, = Y1 Y

Page 21



LP Duality -

Letiing v, = y;- vy,

Max By —vi') + By, Maximize By, + 8ys
5.5 .
Sly,-yi) +2y,$20 = subject to
Wi yi) + 2y < 10 Sy, + 2y, < 20
A e vy + 2y, < 10
Yy 2 U

{WE camnl TRCiice & conatreint

G BAE sigi Gl Yy, since il s

Phe qiifferance ail Pa verishies )
Fiiz i the same a5 Lhe dual in the symmelric primals
aqual pair, excepl for the missing nornegsiiviiy
restriction!



P Duality

We next show:!

The dual of the DUAL problem

is the FEIMAL problem!



P Duality

Problem (P): Problem (D):

Minimize c'x Maximize bty
subject to: subject to:
Ax 2 b Ay <
® >0 y >

How do we write the DUAL of problem (D)
above? First we must write it as a
minimization problem with > constraints.



LP Duality Page 25

Problem (D): Problem (D'):

Maximize bt‘}f (equivalent) ~Min ':—bt:'"}f“

subject to: i, 5|11 et to

(-AYy > -
o2 (J

MINIMIZING the NEGATIYE of a function yields
the same solution (except for sign) as
HAXIHIZING the function.

MEGATING both sides of a £ constraint produces
a * constraint.



P Duality

A inaad Sleiad

Minimize ctx Maximize bty
subject to: “  subject to:

Ax zb Ay <o

w2 U y > (]
Problem (D'): Problem (DD"):
“Min (=b ')y —Max (-c'u
subject to subject Lo
(=AY > —¢ (A U< (-bY)!
vz 0 Uz



P Duality

Problem (DD'):

_Mba.}{ (?:t*]u e egurveT M Q'Etli t
subject to subject to
(AN Y < (-ptY? ' Al b
U0 0

WA 15 I8 & F5 1ne origingl FRTAL
arabiem (8 excend for the name ol the
WF I es (1 inSiemd of K4 Wil s griiteared



LP Duality Page 28

The dual of the DUAL problem

is the FEIMAIL problem!

S8, GHVESD G NS g paie af LE praaiems,
FE TS SRLrE e WS 15 el Erred Lo #5 1he
SRR FG Wich Ts referred Fo 25 1he Fial



P Duality

Writing the dual of ||

a general Primal LP

The dual of an LP may be found by first rewriting
the LP in the form of one of the LPs in the
svrmmetric Primal/Dual pair,

On the other hand, the dual can be writlen
directly for any LP using the following
relationships.



LP Duality

-

Maximize

W Minimize

Type of constraint i

Sign of variable i

.S an nonnegative
= unrestricted
2 nonpositive

Sign of variable j
nonnegative

unrestricted

4

nonpositive

Type of constraint j
-

| ——

[

Page 30



Example ||

e want to wrrte the dual of the LF-

Minimize ©X, + 3X. + DXy
5.t
}{1_2}{2 +4}{3 < 20
2}<1 + }{2 _}{4=3D
5}<2+}{3+}<425O

}<1 = (), }ig Lo, }<3 =), }iqi g



P Duality

Page 32

We immediately notice that dual will be MAX

and size of problem will be 4x3
Minimize ©X, + 3X. + DXy

st gl will be & |
o IMENITNESLION |

}{1_2}{2 +4}{3 < 20

281+ A2 —Ag= 30 # gl variahles |
DX+ K+ K,y = 00 =3 :

}<1 = (), }ig Lo, }<3 =), }iqi g

Fatial consiramnts |




P Duality

Primal Dual
Minimize BX +3X5+0x,4 ||Maximize Y+ Yo+ Y3
5.t 5.t
}{1 - 2}{2 + q}{3 = 20 || H~|'31'|' .............. HTﬂE"‘ .............. Y 5 S
P | Vit ot Ns o .
Z2S s “Ae=S0 BRI £-5 S &
DAz A3+ Agz 00 Voy+ N+ Ns o
Az 0,8 Urs, Azz0,X,4 =0 Yy N Yoo




P Duality

Page 34

[ransposing coelficients and righi —fand-sides.

Primal Dual
Mintmize DA +3Xo+0X, [[Maximize 20V + 30Y,+50Y
5.t. s.t.
K- 2R.  +4d¥s = 20 1 Yy +2 Yo +0Ys o)
B —2Y1+1Y2+5Y3 ......... 3
2K+ Xz A | TV

5}<g+}<3+}<43:5':'

}<13: O,}{g UPS,}{3EO,}<4 <)




P Duality

Page

Lelermining sign resiriciions of dual variables

35

Prirmal Dual
Mintmize DA +3Xo+ X4 [[Maximize 20V ,+ 30Y,+50Y
= 5.1
A — 2R +dXs = 20 I Yy +2 ¥, +0Ys o)
B —2Y1+1Y2+5Y3 ......... 3
2hit Rz A= 30 4y hovL, e 1Ys O
2Kz + Az + gz 00 OY - 1Yo+ 1Y¥s 5
Koz O X urs, K20 X, =0 Y1 <0 ¥ urs, Yz20
Min Max
2 nonnegative

Lrs
nonpositive

4




P Duality

Lelermining form of qual consirainis.

Primal

Dual

Page

36

Minimize X +3X.+ X4

Maximize 20% + 30Y.+50Y+

st
}{1_2}{2 +£l}{3 < 20

2}{14‘}{2 _}1’:4:3@
5}<g+}<3+}<43:5':'

s.t.

1 Yy+2 Yo +0Ys
-2 Y1+ 1 ¥2+5Ys
"’—15‘1“’1""::‘1"‘1“}2"'15‘1“’3
O Y- 1Y+ 1Y

A T S

o e O

}<13: O,}{g UPS,}{3EO,}<4 <)

H"I"ll1 = () ,H‘l"'lg ks, ?37—_"@

i &
nonnegative £
urs =
nonpositive z




P Duality

The WwWEAK [Duality Theorem:

Consider the symmetric primal/dual pair:

Minimize ctx Maximize b'y
subject to: subject to;
Ax > b Ay <o
w2 U > ()

Y
Suppose that ¥ is feasible in the primal problem,
)

and § is feasible in the dual. Then c'%

o
bt
)

( Proof

Page 37



P Duality

Page 38

The proof of the Weak Duality Theorem is
very simple:

e’

VAR 2 Yib

AR 2 b & G20

Transpose A9 < ¢ to get (A% ¢t e YA < ¢!

Then *}ftﬁx < ct & %20




P Duality

Page 39

Corollaries of the
WeaKk [Duality Theorem:

It »* and v* are optimal solutions of the primal
and dual problems, respectively:

® objective value for any primal feasible solution

15 greater than or equal to bty*
® objective value for any dual feasible solution is

less than or equal ctx*



P Duality

Corollaries of the
Weak [Cuality Theorem (continued):

o if ¥ and ¥ are feasible in the primal & dual
problems, respectively, and if ct® = bt¥,
then % =primal optimum (x*)

s

v = dual optimum (=)

# if the primal 15 feasible and unbounded belowy,
then the dual problem must be infeasible!

# If the dual 15 feasible and unbounded abowve, then
the primal problem must be infeasible!

ka



P Duality

Theorem:

If B* is an optimal basis of the primal problem (FP)
then the simplex multiplier vector sn* relative to
the basis B* 1s an optimal solution to the dual

problem (D).

{The simpiex muliinlier vector § mak be
COITUNILET D) LRE FOri s

nx=ct(a®)™  J

<:ﬂ I:D ( Proof )




P Duality

Froof:

Let's write the problem (P) with equality
constraints, as required by the simplex method:

Az, o | A surpius
- t Minimize [ci O [g]e rormeoe
M]Q]'mfet Con . Subject to y
subject to: ke _
[A-T ]M b

Ax3sb
w > 0 PRty / w 3 ()

SRS =



LP Duality Page 43

Suppose m* 15 the optimal simplex multiplier
vector. Then the optimality conditions (for
terminating the simplex algorithm) must be
satisfied, namely

ool af _* mﬁfﬁ W; 5 D
VST EEE COSL I B
CoEirioisnits
I::] _ 1 E] 1

wEgiieed casal”



LP Duality Page 44

These conditions must be satisfied for both
the original variables (x) and the surplus

variables (S) ( pper o7 , (eatums o
varianie | oTE i Eil >
' cnartieiants
_ ot
Minimize [ci O ][S} ct—g*A >0 je cltxa*A
subject Lo |
[."'5'-._1]}{ - h D_E*(—IJEG,].E. = >0
= = ] .
FESSIRTIFLY

COET s R
A Glial!



LP Duality Page 45

And so if o* 15 the optimal simplex multiplier,
¥ <ct e Alm*<c
= 0

1.e., =¥ 15 feasible in the dual problem,
Recall the computation of m*: r*=cl(Af)™

Recall also that x%=(A%)""p

Therefore ctx*=clu? =ch(A®) b =n*p
"\_H___,_,-'
ENOE SERERTE VeI ENES vl
See Far



LP Duality

Therefore, n* 15 feasible in the dual, and the
objective functions of the primal & dual
problems evaluated at x* and =n* |, respectively,
are equal.
Hence, by a corollary of the WEAK DUALITY
THEOREM, ®* and =* must both be optimal
in their respective problems!

( )




LP Duality

Example:

F: Maximize 4%, + SHz
subject to
Al Rzi 8
AR1+ Z2r2 18
Z2R1+ SHa2 15
SR1- Ko 2 10

H11DJHEED

Jhis profiem igs 2
varighles & F inequalily
consirainls and so ifs
qudl will figve ¥ variables
ad 2 inequaliiy
constraints.

Page 47



LP Duality

Fhe aqusi problem:

0 Minimize 8%, + 18%, + 13%; + 10%,
subject to
Yo+ 3o+ 2z + S, x4
Wi+ 2¥a+ SW¥z- Wy o2 D

Y20, Yo20, Y20, Y20

5
£

Fhis quaf probfem fiss fewer conrstrammts thar ifs

primal, and, whon solved by the simplex melfiod,
Uiy requires

& Jower ilerslions Qlunicsliy Fom o S flarsiians)
# joewor compitations por rfergfron (sapecisiiy 77 vsing

Pha rEvised simniant)

Page 48



LP Duality

The oplimsl simplox tabh/esy For the dusf prob/em 15

E 2 % Y, ¥, ¥, S, &, | RHS
Z |1 F 7 0 0 F F|F
W0 % = 0 1Tx £ F
B0 % &% 1 0Tx TZH| F
—

Jhe aplimsf sofutron fo the dusl 15
"-I-"1:"-|-"2_—£1 I"I"IE—_ % . Il'l'll.-:l.:

SRS YETENES

14

27

FEFiEl
&l A

Page 49



LP Duality

What is the oplimal sofvlion of the prima/

problem?
Fire Brrpoiay MR E S \ackor For Be ool vnsd Giisl
rabhfosm is o o

< [ 5. 5

(WS e reciced cost of the surpius wavahie S, 7S
i Coal RS T FNTIES B OOt o coitionsista

o
Fegiiced cost o 5 s U _E[D]: T,

Liiewise the rediioed Cost QF IR0 Simiiis \WErishie forrow

&7 im Ehe Simndex M fier for sl row f
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fherefore, the opfimal sofufion of the
ariginal primal probfem i1s

— B3 — 23
= o = o7

fhus, we may choose to sofve erther Lhe
primal or the dual profifem, whichever is
easier, a#nd oblain the sofviion fo bolh
simullaneous/yf
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Page 52

MNote: -n; appears as the reduced cost of a slack
variable in row i.

If there is a surplus variable in row i, its reduced
costis 0-(-1)mj= +n;.

If constraint i is an equation without slack or
surplus variable, then n; will NOT appear in the
optimal tableaul
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Page 53

The Fundamental Duality Theorem:

Problem (FP]: Problem (D):
Minimize Ctx Maxirmize bty
subject to: SUubject to:

AR x b Al v <
Moz 0 o= 0

® |f both problems (P) & (D) are feasible, then both have an
optimal solution and their optimal values are equal | 1.2,
ctw® = Rt },-:e
® |f one of the problems [either (P) or (D] has an unbounded
objective, then the other problem is infeasible.
® [f only one of the problems 1s feasible, then its objective
must be unbounded over the feasible region.

( )




LP Duality

Note thal it is possibfe that BOTH prima/
and dual proffems are infeasibie.
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Example:

gl

Minimize 20x,+ 10x;

subject to

Sxyt wsr B
2%yt Zwgr B

Wz, war(

Lzl
Maximize By + Sy,
subject to;
Dy 2y L 20
¥+ 2yps 10

}-"1 EDJ '::.-"2 =[]
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Fhe primal sysiem fas O basic solulions, of which
F  gre feasihfe: X

Erimiad I

Minimize 20x,+ 10x;
subject to
Sxyt wsr B

Dx,+ 2xp2 B

Wz, war(
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LP Duality

The dusl sysiem aiso s six basic sofulrons, § of
them feasible:

Liiz! I
Maximize By, + &vs

subject to

Wyt 2yl 10

'::,-"1 EDJ ':;.-"2 2]
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PRIMAL e P DUAL

extreme % %

pt. * SR SR S o I Y T I P O S

VI 4 0 14 0|+ a0 o 10 0 -10

11 0 6 0 4|+ 60 10 0 =30 0 _
I 5 35 0 0|45 |4 25375 0 0O {—E
v |0 4 -2 0 40 |4l 0 5 10 0 )
111 12 0 0 -5 24 |4 4 0 0 66

VI o 0 -6 -8 O |« 0 0 2010
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Example: Unbounded Frimal Froblem

HE
Minimize 28, - BXs
subject to
Wi+ Hox 2 e
Ml - Hez—l
Hpe D, Kozl

FHE GO JECTTEE = —
AP e traval slong 1he
SHGE 7 TG FESSIE GG —
Peor Pag Lnmee PR

gii o= - fE

.'.'?f-"‘__,-’ - -5

G = 42



LP Duality Page 60

fhe dual of This unbounded primal probiem.

|-::_, SRR Sl AR fine

Maximize 2%, - ¥ SELIETY e sECand
subject to o FrEFRETT Y

II'I"I1 - l"|"I2 i

I"I"I1 z DJ I"l"lz x [ <

2
aoints fefon tais fine
. _ SSIFET e Firs?
f i oYl
{fﬁfEﬁEﬁﬂfE._} ;}f}gﬁﬁﬁ-ﬁjfy

12\3455
Y

1
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Example: Infeasible Frimal Froblem

Minimize ®y+ X2

goaints shgyve 1ais fine
subject to His SEVISTY Mhe secehd
Hy— Mooz PSS
— M+ Mooz

14
W20, Mo D e

Saials el iais
] FiE SISy s
sl

FREGUETTR Y
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LP Duality

Dzl of Lhe infeasibie primal probiem.

Maximize Y, + s
subject to

Gy =

fivective 1s urbounnded
25 we move fo the
Hopar rigirlf
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Hecall thal it is possibie that BOTH
primal and dual profbiems gre infeazsible!

(an vou Fiter the preceding finfeasible/
primal proffem so fhat the dual probiem
becomes infeasibie ftwhile the primal
probiem remains infeasibie/?

Hint: Leave the primal constraints unchanged.
Can you then change the dual RHS (=primal
objective coefficients) so that the dual becomes
infeasible?
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An economic interpretation of the
LF dual problem:

Consider the DIET PROELEM:

A housewife has to find a minimum-cost diet for her
family by selecting from among 5 foods, subject to the
constraints that the diet will provide at least 21 units

of wvitamin A and 12 units of vitamin B per person per day:

Food: ] 2 3 < 5
Wit. A content | ] 1 1 2 unitsfoz.
Wit. B content ] ] 2 1 1 unitsfoz.

Cost 20 20 A1 11 12 t/oz.



LP Duality
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e fiopsewifes fFPF model

L e COAT ST RESSOET
Minimize 205 +20x, + 31w+ T1x, + 12x SE G
subject to

4 *oxg * Xy + 2o o2 E]j:f’fs.'.Ar.;wﬂ'.
¥ +2x3 + Xy * oXg : 12 WA LT O
Xy, ¥gzel

where X, = quantity of food #j (oz./dav) per person

(SRS T BTN PRSIl S P i offher nutrients, s
corrsiaergl o of palistsbiil ) efc F
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Fie Pl Safesmans FProflem:

Consider a door-to-door salesman of vitamin pills. He has
a supply of vitamin A pills (1 unit each) and vitamin B pills
(also 1 unit each).

He wisits the housewife and suggests that she buy pills from
him to feed her family, rather than the foods #1 through #5.

In order to be competitive with the grocery, she must be
able to feed her family pills for a cost no more than that of
her least-cost meal. (Be ngrore (e walie of fer fabord?
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Fhe Firil Safesman’s LF probfem

Choose prices of the pills:
n, = price perunit of vitamin A pill
g = price perunmt of vitarmin B pill

soasto Maximize 21n, + 120y

subject to

Ty £ 20
g <20
May+ Z2ng £ 3]
Mgy + T <11
ET[-'.;.|+ g O
Ty 20, ngz0

Rt

L FEYEIE {8 B REr e

Pire i - E i E i et
G SECh Famd mEes?
SOET A SRS TS
e foog Flael’
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Sl this e the DLial of tne Housewiie s L5

SR en.
Minimize 20 +20x, + 31x, + 11x, + 12x
subject to
ES + ¥z o+ My o+ Zwco: 2]
Xy tZ¥g * oy ot Mg or |2
Wy, mgzl

Fie Fundamenisl Dushily Faeoren telils us 1hal

(1 Bath profiems gre feasihie & Bounded) the
Fwear L5 perafiiems Bae 1he same anlimal \waives!
FaE 75, 1Re ROUseWire Would 8o it erent
BELVVEET 0BRGN IRE MSEIE & S8V Be S
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The FAEEAS Lemma:

The following statements are equivalent.

(i) if vwt4<0 for some v, then vtb<O

B
(i1) the system Ax=b, x:0 is feasible

(T L ermraa is of gresl Bheoralical rnporianoe i
LT EFEION, S 1e uesed i T prool of Te Kt Ticker
SR EITRENE b SO E IO T O e TG
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Froof of The FARKAS f emmsa:

Consider the following primal/dual pair of LFs:

(P Minimize Ox (O} Maximize bly
s.t. Ax = b s.t. Aty <0
wx

o S leE el )
Maximize y'b
st yta < 0

(Fhage LB probloms A5ve inlerastng ohsraciarisiics:
# 22 Fagsibie solulion fo (8 is apiima!
# (o0 vFlve =0T is Passible i probiem (G
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First we wild prowve el iFstslement (1 is fre, Te
1T wta<O for some v, then ywth<O
Eirerr statenmemd (10 st sis0 be e | i,
the sywstem Ax=b, x:0 15 feasible

If statement (i) is true, then since v=01s feasible in (D] with
objective value 0, it must be optimal for (D) [since (i) says
that every feasible solution of (D) has objective value no
greater than zerol.

The Fundamental Duality Theorem then implies that problem
(P)is feasible, which is simply statement (ii) abowve.



LP Duality

We el warl Lo prove Bhel iF sisierment (115 frve, Te,
the system Ax=b, x20 15 feasible
ey stFlememd (i must 8i50 e fre, e,

it wtA <0 for some v, then vwth<O
Suppose that Ax=b for some x:0, and v1A L0 e soed
For show et ytha0 J

But wtA <0 & x:0 togetherimply that v'Ax <0, and
since Ax=b, that y'b0. That is, statement (i) is true.
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Complementary Slackness

Theorem: Suppose that ¥ and ¥ are feasible solutions
in the primal & dual problems, respectively:

Einal, Lhial
Minimize ctx Maximize bly
subject to; subject to:
Ax 2z b Aty <
w2 y > 0
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(e aisey Fiacdness, oond d)

Then % and § are each optimal in their
respective problems 77 and onrly 177

e vwhenever a constraint of one problem i1s
slack, then the corresponding variable of
the other problem is zero

e ywhenever avariable of one problem is
positive, then the corresponding constraint
of the other problem is tight,

( )
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Froof aof the Complementary Slackness Theorem:

FISE W IErOQNCS SLANS & SISCK \aEiEiies To Bie prirrnal &
CHRATE LR ETES, FEGe T e

P: Min ctx 0 Max vb
5.t 5.t
Ax-Tu=hb wh o+ Iy =l
el uel vell, wel

Niow sunpose that the vector [ X0 is feasible i £ g
st [y W] Js fassibla in 7
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(" Err o Ll e n sy Sisclmess, cond m)
orrsiaer He Gitterence.

tR -y b =(yA+IV)X - y(AR-1L
cti -4 [y wlx -y [Ax -Tu)

-

ct [
= YAX+ VR -y AX +y
= VX +

(74 Syopose thet 13,01 and [ §9] are both apiims! in
thenr regpective problems, 1o, ctik=Yb,
T wx +yil =0

n R I O
Fastis,  Z v + X oyl =0
S = R F
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Page 77
(" Err o Ll e n sy Sisclmess, cond m)

Srrrce each of the factors i esch ferm ik and
S SNHIOGEFEI NS SR FEITTT IS ROriegsiie

A bocgiise B sirr o & Ferms 15 fera, 1E s olese East
ST LTI TRASE Do Fero, 1e,

n s s m ~ S 1 R —
E "'."'j}{j + E1 ll.:"ll'iu'i =[] :_;’ "'."'j}'{j =[] e 'l':.-".iU-i =0
Far &AF f= 10 For &8 =
vk, =0 == erther =0 or k=0
vil; =0 == arthes =0 or ;=0
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(" Err o Ll e n sy Sisclmess, cond m)

Birt i}j%j =0 = &ither ij= 0 o %j =0
L, WSt QHE Consinging K] 15 SIS0k, [he corresponding
LEnTEl wEEhs Xy st be seno
R-rred
WlREiT B TR WEIE0 e %j iEposiEive Lhen the
SN TESIN IR R COSEnEiE sl e Lt
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(" Err o Ll e n sy Sisclmess, cond m)

Amd il =0 == wifher =0 on ;=0
Fe, when  primsl constrantt #1 i siack ( 0y 20 e
the corregihonaing diisl variatie ¢ Yy Jmust be sero
R
e & dlisl warvable oy, Jispositive, e
TR SNHINRG o itrrEl consiraint st be Lrghl (5o Lhat
i,=0 .

S QL irra il e s Ll SO Sl E )l SIFCRSSS 15
sFirstied
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(" Err o Ll e n sy Sisclmess, cond m)

FiRS COMF\SSE FE SIS0 L 1 OO SrReR S SAFCRSSS IF
SFEISed Lhen the somdions st e onlimsl since

Eas

n m
t.-'\. _ £ — .-""\- . EOR Y
Clx -y h JE Wi + 1_1:1 Wil
ST SO PSSR LTI 15 SN0, e ST ST be Fere e,
ctx-yb=0 — «ct¥=¥%b

MRS SCCONIG fo Bae Wesh Luslil)le Thoorsm, mesns 1651
Xooand oy st boll be opdimsl i e regpeciive
i erns ( )






