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Introduction

There are numerous applications that require 
the use of containers for storage or 
transmission of gasses and fluids under hightransmission of gasses and fluids under high 
pressure.
Two types of pressure vessels are thin-walledTwo types of pressure vessels are thin walled 
and thick-walled.
The distinctions is based on the Hoop stress 
over the thickness.

Constant – thin-walled, r/t>10
Not constant thick walledNot constant – thick walled



Thin-Walled Pressure Vessels

The most commonly used types of thin-
walled pressure vessels are cylindrical p y
and spherical.
We will develop the stress equations forWe will develop the stress equations for 
the case of cylindrical thin-walled 
pressure vessels and then extrapolatepressure vessels and then extrapolate 
to spherical.



Cylindrical Vessel

Consider the thin-walled 
cylindrical vessel shown, which is 
subjected to internal fluid pressuresubjected to internal fluid pressure 
p1 and assumed to have closed 
ends.
A result of this pressure, the 
circumference of the vessel will 
expand causing tensile stress σ1expand, causing tensile stress σ1
tangent to the circumference 
called Hoop Stress.



Cylindrical Vessel
Also, because of this internal 
pressure, longitudinal fibers in 
the vessel will tend to stretch,the vessel will tend to stretch, 
creating a tensile stress σ2
called longitudinal or axial 
stress.stress.
These stresses are shown on a 
plane stress element of the 
outside surfaceoutside surface.

One set of the elements planes are 
parallel to the axis of the cylinder 
and the other set perpendicular toand the other set perpendicular to 
this axis.



Cylindrical Vessel

These stresses are applied to the 
surface of the vessel, and therefore do ,
not experience shear stress.
If the stress element were taken on theIf the stress element were taken on the 
inner surface of the cylinder, it would be 
treated as a 3 dimensional elementtreated as a 3 dimensional element.



Cylindrical Vessel

Consider the FBD of a small 
portion of the cylinder as 
shown in 8 1bshown in 8-1b.
We have sliced the cylinder 
into two halves along the x-z g
plane, then isolated a small 
segment from one of the two 
halves a distance dy aparthalves a distance dy apart.



Cylindrical Vessel

The FBD is in 
equilibrium in the x-
direction

Under the action of 
the pressure pthe pressure p
Under the action of 
the Hoop stress σ1p 1

Both uniformly 
distributed over tdy.



Cylindrical Vessel

The total force produced in the x 
direction by the internal fluid pressure 
p is the product of p and thep, is the product of p and the 
projected area 2rdy.
The resultant force produced by the p y
Hoop stress σ1, is the product of the 
σ1 and the area tdy.
Note there are two σ tdy acting on theNote there are two σ1tdy acting on the 
FBD, one on the top and one on the 
bottom.



Cylindrical Vessel

Then:

( ) ( ) 0220∑ dtdF

S l i f th H t i ld

( ) ( ) 0220 1 =−⇒=∑ rdyptdyFx σ

Solving for the Hoop stress yields:

pri l
t
p

== stresstangential1σ



Cylindrical Vessel

The longitudinal 
stress σy or σ1 is 
then obtained fromthen obtained from 
the FBD of 8-1c.
This FBD drawn byThis FBD drawn by 
cutting the cylinder 
into two parts 

di l t itperpendicular to its 
axis and isolating 
one side.o e s de



Cylindrical Vessel

Is in equilibrium in 
the y direction under 
the action of the 
fluid pressure p and 
stressstress σ1

Which is assumed 
uniformly distributeduniformly distributed 
over the annular 
area.



Cylindrical Vessel

Then: (mean radius≈r (inner radius) (thin walled))

( ) ( ) 020 2∑F

S l i f th i l t i

( ) ( ) 020 2 =−⇒=∑ rprtF Zy ππσ

Solving for the axial stress is:
pr
t

p
y 22 ==σσ



Cylindrical Vessel

This says that the longitudinal stress is 
exactly ½  of the circumferential stress.
These equations were derived on the basis of 
equilibrium and do not depend on the 

i l b i li l l imaterial being linearly elastic.
The stresses calculated apply only away from 
th li d dthe cylinder ends.

The constraint imposed by the cylinder ends 
complicates the stress statecomplicates the stress state.



Cylindrical Vessel

Note that the pressure p is the the gage 
pressure

Difference between the total internal pressure and 
the external atmospheric pressure.
If the internal and external pressure are the sameIf the internal and external pressure are the same, 
no stresses are developed in the wall of the 
vessel.
Only the excess of internal pressure over external 
pressure has any effect on these stresses.



Spherical Vessels

A sphere is the theoretically ideal shape 
for a vessel that resists internal 
pressure.

Think about a soap bubble.Think about a soap bubble.
To determine the stresses in a spherical 
vessel it is cut on the vertical axis andvessel, it is cut on the vertical axis and 
isolated from the other side.



Spherical Vessels

Because of the symmetry of the 
vessel and its loadings figure b, the 
tensile stress is uniform around thetensile stress is uniform around the 
circumference.
We also know, because it is thin 
walled, that the stress is uniformly 
distributed across the thickness.

The accuracy becomes greater as the wallThe accuracy becomes greater as the wall 
becomes thinner, and worse as the wall 
becomes thicker.



Spherical Vessels

Equilibrium of forces in the horizontal 
direction yields equation 3. pr

2 =σ

It is obvious from symmetry of a spherical 
shell that we would get the same equation for

t22

shell that we would get the same equation for 
tensile stresses when the sphere is cut 
through the center in any direction.
The wall of a pressurized spherical vessel is 

subjected to uniform tensile stresses in all 
directionsdirections.



Spherical Vessels

Stresses that act tangentially to the 
curved surface of a shell are called 
Membrane Stresses.
They are called this because these areThey are called this because these are 
the only stresses that exist in true 
membranes like soap filmsmembranes, like soap films.



Comments

Pressure vessels usually have openings in 
their walls (inlet and outlets for the fluid).  
Th h fitti d t th t tThey have fittings and supports that exert 
forces on the shell.
These features result in non uniformities inThese features result in non-uniformities in 
the stress distribution (stress concentrations).

These stress concentrations cannot be analyzed y
with the elementary formulas we have learned.
Other factors include corrosion, impact, 
temperature, etc.temperature, etc.



Limitations on Thin-shellLimitations on Thin shell 
theory

r/t ratio ≥ 10
Internal pressure>external pressure (no p p (
inward buckling)
Formulas apply only to the effects of internal 
pressure (no external loads, etc)
Formulas valid throughout the wall of the 
vessel except near the points of stress 
concentrations.



Combined Loadings

We have analyzed structural members 
subjected to a single type of loading.

Axially loaded bars
Shafts in torsion
B i b diBeams in bending
Pressure vessels

For each type of loading we developedFor each type of loading we developed 
methods for finding stresses, strains, and 
deformationsdeformations.



Combined Loadings

In systems the members are required to 
resist more than one kind of loading.

Bending moment & axial forces
Pressure vessel supported as a beam
Shaft in torsion with a bending load

These are called Combined Loadings.
They occur in machines, buildings, 
vehicles, tools,etc.



Combined Loadings

Structural members subjected to combined 
loadings can be analyzed by superposition.
This is possible only under certain conditions, 
such as:

No interaction between various loads (the stresses 
& strains due to one load must not be affected by 
the presence of the other loads).the presence of the other loads).
All rules as applied to loadings when equations 
were derived.



Combined LoadingsCombined Loadings
Method of Analysis

Internal Loading
Average Normal Stressg
Normal Force
Shear Force
Bending Moment
Torsional MomentTorsional Moment
Thin-Walled Pressure Vessels
SuperpositionSuperposition








































