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Lecture Notes

Module 5: Area Mment of Inertia and Internal Forces




Moments of Inertia and Radius of Gyration

» In general case
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» It is a mathematical property of a section concerned with a
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—_— Rectangular Area

» Moment of Inertia about centroidal axes for &
 ToRemember

Iy = % bh= % (300 /m1m)(150 mm)* = 562500

I, = %h[ﬁ - %h[)3 = (150 mm)(300 mm)?> = 1125000(mm*

> Which one is bigger?

New Unit!
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Parallel-Axis Theorem for an Area

» Used to calculate the moment of inertia about other axis.

» The moment of inertia of an area about an axis is equal to the
moment of inertia of the area about a parallel axis passing
through the area’s centroid plus the product of the area and
the square of the perpendicular distance between the axes.

‘[X':‘[X +/4d2

- Ix': Moment of Inertia about new A

- Ix: Moment of Inertia about

original axis X X
- A: Area of shape

- d: Perpendicular distance from ©
new to original axis
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Moments of Inertia for Composite Areas

» If the moment of inertia of each simpler area (a part of the
composite area) is known or can be determined about a
common axis, then the moment of inertia of the composite
area equals the algebraic sum of the moments of inertia of all

its parts.

» Steps to follow:
- Divide the composite area into smaller and simpler parts
> Find the Centroid of each part
- Calculate the moment of inertia (l) for each part about its
centroidal axis

- Use parallel-axis theorem to calculate the moment of inertia of
each part about the given axis (normally the centroidal axis of
composite area, if this is the case, very likely you need to find the

centroid of that composite area first)

the algebraic sum of the moments of inertia of all parts to
ge moment of inertia of the composite area
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Internal Forces

» We have learnt this concept!
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Internal Forces

» Now let’s look at multi- .
force member!




Internal Forces

» Naming those internal forces

f| Shear force ‘
f Bending moment
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" SFD and BMD
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Objectives

» By the end of this Module you should be able to:

(0]

Understand how Shear force diagrams (SFD) and bending
moment diagrams (BMD) relate to the internal forces in
structures

Know how to draw SFD for beams
Know how to draw BMD for beams

Understand how different load types (concentrated load,
distributed load, couple) affect the shape of SFD and BMD

Understand the design on tension and compression
members



http://www.lanxun.com/pce/download.htm

Remember These

shear diagram is
like the force
polygons you
drew in Statics.
If the force
arrows are drawn
tip to tail, they
form a closed

polygon.

rules

® When there is no load along a portion of the

beam then:
¢ The shear will be constant (may or may not

be zero)

¢ The moment will be at most linearly varying
(may be zero or constant)
e [f there is a uniform load along a portion of the
beam then:

¢ The shear will be linearly varying
¢+ The moment will be quadratic

e When there is a concentrated force applied at a
point, either a load or a reaction then:

¢ The shear diagram will take a sudden jump
equal to the applied force at the point The
diagram will move down if the force is
directed downward, and vice versa

¢ There will be a change in the slope of the
moment diagram at that point
® The only thing that will cause a jump in the M
diagram is a concentrated applied moment,
and those are rare



Sign Convention-Axial Loads

—» P

P —

Tension is positive

P — I — P

b

Compression is negative




Now Clockwise is +vel
g
+V makes both FBD's tend to rotate Clock Wise.

(+
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Holding Water/the two hands rule

» In North America, if the moment tends to cause the beam to curve
upward it is positive; if the moment tends to cause it to curve
downward it is negative. This is the opposite of the conventions for
most of the rest of the world.

» If the upper side is in compression, it is +ve " r

» If it holds water, it is positive -D (T'-
» If it smiles at you, it is positive [’ o
» Two thumbs out (not up) is +ve

> Counter clockwise on the right
> Clock wise on the left

+M causes Compression to occur
on the top of the beam

Frowne ) 'MC

M causes Compression to occur
on the bottom of the beam
This deformed shape sheds water.
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Sign Convention from another angle

Positive Shear and Moment on a whole Beam

Positive Shear and Moment on a cut-out Beam

e

Rules:
-- Coming from the left or the right makes all the difference

-- For bending Moment : use the “two hands rule”
-- For the Shear force: use the “clockwise rule” or
the “up from the left and down from the right rule”

|
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Internal forces in beams

» Internal forces are generated within loaded structural
elements.

» These forces are generated within every type of element; if
they were not developed, the structure would fail.

» These are known as Shear, Moment, and Normal Forces .
The normal force is usually found in columns

» Shear and moment are found in beams and frames
» We will focus on Shear(V) and Moment(M) in beams




The Big Picture: Where we are

Deformation

oundatio



Strain-Stress Flavors

» There are three main types of strain.
Consequently, there are three types of Stress

» Axial Strain (load is perpendicular to the
surface)

» Shear Strain (load is parallel to the surface)

» Bending Strain (kind of combination of the
other two and happens in beams and frames)
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Vertical and Horizontal
Shear

Leaf Springs \L




How deformation causes all of this

» Forces acting on members (including the reactions from
supports) deform these members. As a result of that
some of the dimensions of the member change. For
example, its overall shape (the beam example), its overall
length (the sponge example), the size of its effective cross
section (the string example), and the shape of the cross
section (the box section example).

» Unless the members are balloons, they resist that, which
creates a stress (just like working too much would stress
you).

» Each deformation is measured by a parameter called
strain.

» The objectives of engineers is to:

Find the Stress in each member
e the design of each member should assure that it is not




Axial Stress

o

Caused by an axial force.

Can be tension stress or compression stress.

Symbol used ‘c’ (sigma)

Axial stress = Force / Area c=P/A

Units are the same units of pressure (kPa, MPa, etc...)

This equation tells us that:
- The greater the applied force the greater the stress.

- The smaller the area on which the force is applied the greater the
stress.
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Review: Reactions

(a) Force from the wall to the rod (b) Force from the rod to the wall




Cut it loose to see the internal
forces

R | F cosB
O) b |
-~ F cosB _ . F smnb
F sinffza* F
(a) Imaginary cut (b) Equilibrium

b



Holding each other in time of
Stress

Glue
¥

Tensile force
of glue




Stress and Area

Stress is small Stress 1s large
If cross-section is large 1" cross-section is small




External force
Q | vV r. . .
o S a vecto * Reaction is
Compression a vector, too.
8 R

s

> = <A

/Axial furo\

is not a vector.




Axial Strain

> Stresses cause the material to deform:
- Tension will cause elongation
- Compression will cause shrinkage

> Symbol used ‘¢’
> Axial Strain = Change in length / Original length
cg=AL /L (no units)




Stress-Strain Relationship
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../../Brown Univ/Science Fair Projects - Young's modulus.htm
../../Brown Univ/Science Fair Projects - Tensile strength.htm

Hooke’s Law

- Relates axial stress to axial strain

> It was found that stress is directly to proportional
to strain (ie. the more stress applied the greater
would be the strain).

This relation was formalized into:

c=Ec¢ E: Modulus of Elasticity
- The units of E are the same as the units of &

The modulus of elasticity is a property of material
(each material has a different ‘E’).

- The modulus of elasticity tells you how stiff a
material is. The larger ‘E’ means a stiffer material.

(0]

o




Stress — Strain Curves

A plot of stress vs. strain

*Hooke’s law is valid from point 1-2

*The slope of line 1-2 is equal to the modulus of
elasticity.
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Example on Hooke’s law

A Standard channel (C200x21) of 2m length is subject to a
tension force of 500kN. Given that the modulus of elasticity
for steel E= 200x10% MPa

« Calculate the elongation in the steel member

« From tables: Cross Sectional Area = 2600mm?

* 5 = (500 x 1000) / 2600 = 192.31 MPa (or N/mm?)
c¢=c/E=192.31/200000 =9.6154 x 104
*AL=L xe=2000x9.6154 x 10-4 = 1.9231 mm
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Axial compression stresses

» When a member is in compression, failure
may occur due to:

> Yielding: Compressive stresses exceed the material’s
compressive strength

> Buckling: Out-of-plane bending of the member that

causes excessive deformations and subsequent
failure




Bending Has it all

Support Force

2a

)

support Force

““-q_________
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Area

dA=b dy
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(a) Partitioned section (b) Stress distribution
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Bending stresses

 The stresses due to bending are distributed over the cross section as
shown.

« The centroidal axis of the cross section has zero bending stress

« Stresses increase uniformly. The maximum stress value is found in the
top or bottom fibers of the section

O r Oc
-




Bending stresses

Axial Stress: All points in the T 41( O-»T @

cross section have the same
value of stress

Bending Stress: Point in §

the cross section have a
different value of stress

A —

——
HMHeutral Surface
Py




Bending stresses

The value of the compression force is equal to the volume of the
compression stress block

- C=(o,) (b) (h/2)
The value of the tension force is equal to the volume of the tension
stress block

— T=(o7) (b) (h/2)
Always T=C
The internal moment causing these stresses on this section

=(C)(d)

s C
-~ = '>M
Yo T
y




The Theory




Bending stresses

« The value of stress at any point ‘a’ on the cross section

- 6 =(M)(y,) /I
— Where M: Internal moment at cross section
y,: Distance from centroidal axis to point ‘a’
I: Moment of inertia of section about axis which bending occurs
In this case I=Dbh3/ 12

T I




L arse distanmnce=

Frialkees larse
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Bending stresses: Concrete Beams

« Concrete beams usually have steel reinforcement where the
fibers are subject to tension.

— Concrete is very strong in compression, but very weak in tension
— Steel is strong in both tension and compression




Internal forces in beams

» Internal forces at a specific point in
a beam can be calculated by
cutting the beam at that point

» Cutting the beam at point A will
expose the internal forces at A. 9 5 4

» Generally there are 3 internal 8m
actions (2Forces + 1 Moment).

» In beams where all forces are 15KN 20 KN
A A

vertical we only have 2 internal ¢ (T T T
actions. ? YI> Q‘YA

> Vertical force 2 Shear 16.25 18.75

- Moment - Bending moment




Seeing shear

2V

-

i
-

(_]
I
<
>

ave

Lc:ad
‘ |



What are Shear & Moment Diagrams?

» They are diagrams that illustrate the value of the internal
forces (shear / moment) that occur along a structure.

® The shear and moment diagrams are very

important- In addition to showing V and M:

¢ [The shear diagram tells you if you have
calculated the forces on the structure

correctly so that: ‘ZF‘ . {j‘
¢ The moment diagram verifies that the

calculated forces Satlsfy:‘z}_l _ 0‘

¢ |If the diagrams do not close, i.e. start and
end at zero, then equilibrium is not satisfied
and you know there is an error

o




How to draw a Shear diagram

» The shear diagram is the graphic representation of the shear force at
successive points along the beam. Upward acting forces are
assumed positive and downward forces negative.

» The shear force (V) at any point is equal to the algebraic sum of the
external loads and reactions to the left of that point.

» Since the entire beam must be in equilibrium (the sum of V = 0), the
shear diagram must close to zero at the right end.

» Abrupt changes in loading cause abrupt changes in the slope of the
shear curve. Concentrated loads produce vertical lines (a jump) in
the shear curve




Axial Stress Signs (A new Trick)
Y

Negative X Face
Area A

Z Positive X Face
Area A

Ty F,

o, =-F /-A=+F /+A X

F, <




The same Trick applied to Shear

I

I

Direction

Negative X Face

Area A

Face

'ny

T=-V/-A=tV/+A

b

V4

Positive X Face
Area A

v

Xy

X



How to draw a Shear diagram

» Consider the type of loading along the beam's length in order to
determine the shape of the curve:

- If there is no change in the load along the length under consideration, the
shear curve is a straight horizontal line (or a curve of zero slope). The
slope at any point is defined as the tangent to the curve at that point.

- If a load exists, but does not change in magnitude over the length under
consideration (uniformly distributed), the slope of the shear curve is
constant and non-horizontal.

- If a load exists, and increases in magnitude over successive increments,
the slope of the shear curve is positive (approaches the vertical); if the
magnitude decreases, the slope of the shear curve is negative
(approaches the horizontal).




How to draw a Bending Moment
diagram

. The moment diagram is the graphical representation of the

magnitude of the bending moment at successive points along
the beam.

. The bending moment for the moment diagram (M) at any point

equals the sum of moments of the forces to the left about that
point.

- Since the entire beam is in equilibrium (Sum of M=0), the
bending moment diagram must close to zero at the right side.




How to draw a Bending Moment
diagram

. Consider the values of the SFD:

- If the magnitudes of successive shear ordinates are constant, the
moment curve has a constant slope at that increment.

- If the magnitudes of successive shear ordinates increase, the slope of the
moment curve is positive (it approaches the vertical).

- If the magnitudes of successive shear ordinates decreases, the slope of
the moment curve is negative (it approaches the horizontal).

> Abrupt changes in the shear diagram will produce changes in the shape
of the moment curve. Concentrated moments produce vertical lines in
the moment curve.




Sample
Diagrams
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Example
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SFD and BMD for common loading

Load & !




150 kN
P = 150 kN
20 kN/m

w = 20 kN/m

+

)




Stress Distribution




M

Stress-Strain Relationship
Stress Distribution




d=h/2

M _=(cbh/2)(h/2)
= o bh?/4

|




F.=F=(c,/2)bh/2
M=F,d = (c,bh/4)(2h/3)= 5 bh%/6




Bending stresses

« Stress blocks in unsymmetrical shapes:

or
| %C
7i%i7




Bending Vs. Axial Stress




Beam Vs Truss




Axial compression stresses

» What effects the tendency of a member to

buckle?

> Length: The longer the member the easier it will
buckle.

- Modulus of Elasticity: The stiffer the member’s
material (higher ‘E’), the more difficult it will be able
to buckle

- Moment of Inertia: The greater the cross-section’s

moment of inertia, the more difficult it will be able to
buckle




Axial compression stresses

» The previous relations are expressed by:
7 PEuler — (HZEI) / L
* Pgyer: Load at which buckling will occur
- E: Modulus of elasticity of the member’s material
- |: Moment of Inertia of the member’s cross section
- L: Unsupported length of member
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Axial compression stresses

« Buckling may occur about either the x-axis or the y-axis

« If the supported length in each
direction is the same, buckling
will occur around the weaker
axis (the axis having the ]
smaller moment of inertia)

* Inthis case, Ix <ly. Thus
buckling will occur around the
X-axis

o

Buckiling
about y-axis

Buckiling

X abouteais
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Example on Buckling

 Whatis the maximum | ' can be held by the shown concrete

column can?
— Eonerete = 20 x 107 MIPa
— Safety Factor= 1.

000

Step1: Check Yield
Pyield = Oyield x Area F 30 x (290x600) = 4500 kN
Pallowable = Pyield|/ SF ={4500/ 1.5 = 3000 kN

Step1: Check BucKling

I:)Euler = Gyield X Areéa 2—93 GOK(ZSOXGOO) = 4500 kN
Pallowable = Pyield / SF = 4500/ 1.5 = 3000 kN




Example on Buckling

Step 2: Check Bucklinfg

The smaller moment of|inertial={600 x (250)3/ 12

781.25 x 106 mm#
81.25x108) / (60002)

Peyer = (M2EN) /L2 = (T
= 4283.7 kN §

allowable = Peuer / SF = 4283.7|/ 1.5 = 2855.8 kN

P—

2){20x103)(7

—

P

Yield: P, ;oa0 = BOOOKN

'

BUCinng: Pallowable - 5.8kN
- Choose thengnﬁ%ﬁ'*&SSBkN

5

600




— EXample

Example: A uniform T-section beam is 100 mm wide and 150 mm deep with a flange
thickness of 25 mm and a web thickness of 12 mm. If the limiting bending stresses for
the material of the beam are 80 MN/m? in compression and 160 MN/m? , find the
maximum uniformly distributed load (u.d.l) that the beam can carry over a simply
supported span of 5 m.

100 mm
« -

A ¢25 A
40.6 mm|

v

A

150 mm
109.4 mm —p 12 |¢—
v Reference




100 mm

¢25 A
406 m

A
v

150 mm
109.4 mm —p 12 |¢—

Reference

v

Solution: The second moment of area, | used in the simple bending theory is about the
neutral axis, thus in order to determine the | value of the T-section shown, it is necessary
first to determine the position of the centroid and hence the neutral axis.
Find the Neutral Axis:
Ay =AYy + Ay
(100 x 25) + (125 x 12) y = (100 x 25) x 137.5 + (12 x 125 x 62.5)
(2500 + 1500 ) y = 343750 + 93750 = 437500

y = 109.4 mm (see in figure)

Thus the N.A. is positioned, as shown, a distance of 109.4 mm above the base.




— Solution Contd.

The second moment of area, | can now be found by dividing the section

into convenient rectangles with their edges in the neutral axis.

;- 12 x 125°

XX

+(12 x 125) x 46.9* +

3
% +(100 x 25) x 28.12

1953125 + 3299415 + 130208.3 + 1974025
7356773.3 mm* = 7.36 x 10°% m*

Maximum compressive stress will occur at the upper surface, wherey = 40.6 mm and

using the limiting compressive stress value quoted:

ol 80x 10°x736x10°
y 40.6 x10~

M

= 145 kNm




___ Solution Concluded

This suggests a maximum allowable bending moment of 14.5 kN m. Itis
now necessary, however, to check the tensile stress criterion which must apply
on the lower surface,

M ol 160 x10° x 736 x10°°
y 1094 x10°°

= 10.76 kN m

The greatest moment that can therefore be applied to retain stresses within both
conditions quoted is therefore M = 10.76 kN m

But for a simply supported beam with u.d.l,  Mpua = W L%8
W = 8M/L? = (8 x 10.76 x 10°)/5% = 3.4 kN/m

The u.d.l must be limited to 3.4 kN/m.




