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Area Moment of Inertia

Moment of Inertia. By definition, the moments of inertia of a

differential area dA about the x and y axes are d/, = y’dA and
dl, = x? dA, respectively, Fig. 10=2. For the entire area A the moments of

inertia are determined by integration: i.e.,

I, = /yzdr\
4 (10-1)
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Polar Moment of Inertia

We can also formulate this quantity for dA about the “pole™ O or z axis,
Fig. 10=2.This is referred to as the polar moment of inertia. It is defined as
dJo = r*dA, where r is the perpendicular distance from the pole (z axis)
to the element dA.For the entire area the polar moment o f inertia is

e [m e it (10=2)
A

This relation between J, and /. I, is possible since ©* = + )%,

Fig. 10-2.

Parallel axis theorem of Ml

The parallel-axis theorem can be used to find the moment of inertia of an

area about any axis that is parallel to an axis passing through the centroid
and about which the moment of inertia is known.To develop this theorem,
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Radius of Gyration

The radius of gyration of an area about an axis has units of length and is
a quantity that s often used for the design of columns in structural
mechanics. Provided the areas and moments of inertia are known, the

radii of gyration are determined from the formulas
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Procedure for analysis
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Fig. 10—4

Procedure for Analysis

In most cases the moment of inertia can be determined using a
single integration. The following procedure shows two ways in which
this can be done.

* If the curve defining the boundary of the area is expressed as
¥ = fix).then select a rectangular differential element such that it
has a finite length and differential width.

* The element should be located so that it intersects the curve at
the arbitrary point (x. y).

Case 1.

*® Orient the element so that its length is parallel to the axis about
which the moment of inertia is computed. This situation occurs
when the rectangular element shown in Fig. 10—4a is used to
determine /, for the area. Here the entire element is at a distance y
from the x axissince it has a thicknessdy. Thus/, = [y dA.To find
I,.the element is oriented as shown in Fig. 10-45b. Thiszelemenl lies
at the sarne distance x from the y axis so that 7, = fx dA.

Case 2.

* The length of the element can be oriented perpendicudar to the
axis about which the moment of inertia is computed: however,
Eq. 10=1 does not apply since all points on the element will nor lie
at the same moment-arm distance from the axis. For example. if
the rectangular element in Fig. 10-4a is used to determine /., it
will first be necessary to calculate the moment of inertia of the
elerment about an axis parallel to the y axis that passes through
the element’s centroid. and then determine the moment of inertia
of the element about the y axis using the parallel-axis theorem.
Integration of this result will vield /,. See Examples 10.2 and 10.3.




Ml of composite areas

A composite area consists of a series of connected “simpler™ parts or
shapes, such as rectangles. triangles, and circles. Provided the moment of
inertia of each of these parts is known or can be determined about a
common axis, then the moment of inertia for the composite area about
this axis equals the algebraic sum of the moments of inertia of all its parts.

Procedure for Analysis

The moment of inertia for a composite area about a reference axis
can be determined using the following procedure.

Composite Parts.

® Using a sketch, divide the area into its composite parts and
indicate the perpendicular distance from the centroid of each
part to the reference axis.

Parallel-Axis Theorem.

® If the centroidal axis for each part does not coincide with the
reference axis, the parallel-axis theorem, / = 7 + Ad°, should be
used to determine the moment of inertia of the part about the

reference axis. For the calculation of 7. use the table on the inside
back cover.

Summation.

* The moment of inertia of the entire area about the reference axis
is determined by summing the results of its composite parts about
this axis.

* If a composite part has a*“hole™, its moment of inertia is found by
“subtracting™ the moment of inertia of the hole from the moment
of inertia of the entire part including the hole.
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Principal Mi & ifs axes

Procedure for Analysis y

The main purpose inusing Mohr's circle here is to have a convenient
means for finding the principal moments of inertia for an area. The
followin g procedure provides a method for doing this. Axis for minor principal
moment of inertia, [

Determine I I, and I,

= Establish the x. y axes and determine /.. /. and /. Fig. 10-19a.

Construct the Circle.

= Construct a rectangular coordinate system such that the abscissa
represents the moment of inertia /., and the ordinate represents
the product of inertia /. Fig. 10-1956.

* Determine the center of the circle., O. which 1s located at a Axisfarmqiurpfindpal
distance (/, + I,)/2 from the origin. and plot the reference point moment of inertia, fuy
A having coordinates (/.. /,,). Remember. /, is always positive,
whereas /7, can be either positive or negative. (a)

= Connect the reference point A with the center of the circle and
determine the distance OA by trigonometry. This distance
represents the radius of the circle. Fig. 10-1956. Finally. draw R= (
the circle. \

Principal Moments of Inertia.

= The points where the circle intersects the [/ axis give the values .
of the principal moments of inertia /_;, and [/ _,. Notice that. ”Pg

I
as expected. the producr of inertia will be zero ar these poinits, i’
Fig. 10-195. I

Principal Axes. R

* To find the orientation of the major principal axis. use tngonometry
to find the angle 28, . measured from the radius OA to the positive I g —
I axis. Fig. 10=195b. This angle represents nwvice the angle from the 2
x axis to the axis of maximum moment of inertia 7. Fig. 10=-19a. o
Both the angle on the circle. 26,,. and the angle 8, rest be
mieasured in the same sense. as shown in Fig. 10-19. The axis for (b)
minimum moment of inertia [, is perpendicular to the axis
for Inax-

Fig. 10-19 (Repeated)




Product of Inertia

product of inertia, is required in order to determine the maximum and
minimum moments of inertia for the area. These maximum and minimum
values are important properties needed for designing structural and
mechanical members such as beams, columns, and shafts.

The product of inertia of the area in Fig. 10=10 with respect to the x and
y axes is defined as

I, = .[. xy dA (10-7)

Fig. 10-10



Mass Moment of Inertia

The mass moment of inertia of a body is a measure of the body’s resistance
to angular acceleration. Since it is used in dynamics to study rotational
motion, methods for its calculation will now be discussed.*

Consider the rigid body shown in Fig. 10-21. We define the mass
moment of inentia of the body about the z axis as

I= /rzdm (10-12)

Here r is the perpendicular distance from the axis to the arbitrary
element dm. Since the formulation involves r, the value of /'is unique for
each axis about which it is computed. The axis which is generally chosen,
however, passes through the body’s mass center G. Common units used
for its measurement are kg m’ or slug fi’.

If the body consists of material having a density p, then dn = pdV,
Fig. 10=224. Substituting thisinto Eq. 10=12, the body’s moment of inertia
is then computed using volume elements for integration: i.e.

I = /dev (10-13)
Vv
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Fig 10-21



Procedure of analysis

Procedure for Analysis

If a body is symmetrical with respect to an axis, as in Fig. 10=-22, then
its mass moment of inertia about the axis can be determined by
using a single integration. Shell and disk elements are used for this

purpose.

Shell Element.
® If a shell element having a height z, radius y. and thickness dy

is chosen for integration, Fig. 10-22bh, then its volume is
dV = 2myNz) dy.

® This element can be used in Eq. 10-13 or 10-14 for determining
the moment of inertia /, of the body about the z axis since the
entire element,due toits “thinness,” lies at the sane perpendicular
distance r = y from the z axis (see Example 10.10).

Disk Element.

® If a disk element having a radius y and a thickness dz is chosen
for integration, Fig. 10-22¢, then its volume is dV = (my?) dz.

® In this case the element is finite in the radial direction, and
consequently its points do not all lie at the same radial distance r
from the z axis. As a result, Eqs. 10=13 or 10-14 cannot be used to
determine /.. Instead. to perform the integration using this
element, it is first necessary to determine the moment of inertia
of the element about the z axis and then integrate this result (see
Example 10.11).






