


- Basic Propermﬁomer/

Transform

Linearity Property: Given signalét)  andt)  with
the Fourier transforms

F [x@)]=X.(f)
F [x (t)]=X,(f).
The Fourier transform afx (t) + S, () s

F [ax (t)+B8x,(O)]=aX (f)+BX,(f).
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Duality Property:

IFX(f)=F [x(t)], thenx(f)=F [X(=t)]and x(~f)=F [X(t)].

Proof:

F [X(=t)]= fo X (—t)e 12" dt

- °° X (t)e!? dt
= x(f).

F [X(t)]= z X (t)e 127"t

| X
= x(—f).
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« Time Shift Property: A shift@f in the time origin causes a phase shift- 27Z'ft0
of in the frequency domain.

Proof: F [X(t _to)] . e_jZﬂftoF [X(t)]

F [x(t—t)]= fo x(t—t,)e 2" "dt.
t'=t—t,

-

Let

Y e-j27‘£ft0 I_OO X(t I)e—jZﬂ'ft'dtl
= e—j27rft0|: [X(t)] = e—j27rft0 X ( f )
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Scaling Property: Forany raal= 0 , we have

E [x(at)]—i (ij

Proof: ‘ ‘
Case I

Le@a >0 ; we have
F [x(at)] = j x(at)e 1% dt.

t'=at dt =(1/a)dt’
F [x(at)]= : j (e i engp = X (ij
2 RNy d

a
Case 2:

a<0 o -
F [x(at)] = j x(at)e 1% dt.

& ar o

Let al ; we have dt = (1/ a)dt"

F [x(at)]= é j: x(te 1erttialtggr — . (ij
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« Convolution Property: If the sigho@l) )  both possess Fourier

transforms, then

Proof: F [X(t)*y()]=F [x(t)] F [y(®)]=X(f)Y(f).

Convolution
Xt)*y(t) = [ x(z)y(t-r)dr
F x®*yol=]" ( [ x@)y —r)dr)e‘jz”ft dt

- [ x@) ( [ ye —r)e‘jz”ftdt) dr

- O:O X(7) (e‘jZ””Y(f)) dr

=Y(f) jjox(r)e‘jz”” dr
= X (f)Y(f).
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~ + Modulation Property: The Fourier transfornyg¢f) e/>* " X (f —f)
IS , and the Fourier transform of
: 5 1 j27 fot —j2rfqt
is x(t) cos(27 f,t) = x(t)E(e ol
1 1
—X(f-f)+=X(f +f).
Proof: 2 ( ) 2 ( o)

i X(t)ej27rf0te—j27rft dt

[ o

_X(f—f)

F [x(t)e'* ']
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o Parseval’s Property: If the Fourier transforms of X(t) and Y(t)are
denoted by X(f) and Y(f)’ respectively, then

[ x®y ®dt=[" X(H)¥(f)df.



/

\ A /

* proof:

[ x)y ()t = Z( ["x (u)ejz””tdu)( [ (v)ejz”“dv)*dt

- o_oo J-_oo X(U)Y*(V) ej27zut e—jZﬂtht dV du

osackagivan

=[xy (et ava

=" " x@Y ) su-))dvdu

= z X ()Y (u)s(u-v)dvdu

(L N

= [ X(u)Y"(u)du

=_'_°jOX(f)Y*(f)df.
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Rayleigh’s Property: If X(f) is the Fourier transform of x(t), then

Proof: ji Ix(t)|" dt = ji X (f)[ df.

[~ @ dt=]" x®x(t) dtf [ x(6)x (fydf =[" |x(£)f df.

Parseval’s Property
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« Autocorrelation Property: The (time) autocorrelation function of the
aperiodic signal x(t) is denoted ligé/ (7) and is defined by
X

R(z)=[ x(®)x'(t-7)dt.

The autocorrelation property states that

FIR,@1=[X()

« Differentiation Property: The Fourier transform of the derivative of a
signal can be obtained from the relation

F [%x(t)}: jor £ X (F).



« Integration Property: The Fourier transform of the integral of a signal
can be determined from the relation

= U_toox(f)df}z 260 Lot

jorf 2

+ Moments Property: If F [X(t)] =X(f). , thenJ“O t"x(t)dt the nth
moment of x(t), can be obtained from the relation =

=
| x(t)dt—(zﬂj —

f=0



TABLE 2.1 TABLE OF FOURIER TRANSFORMS

Time Domain (x(t)) Frequency Domain (X (f))
3(@) 1
1 8(f)
8@t —ty) e~ i2nf
el ht 8(f — fo)
cos(27 fot) 18(f = fo) + 38(f + fo)
sin(27 fot) —%S(f + fo) + %;S(f - fo)
1, |t] < %
ne) =4 3, t==%; sinc(f)
0, otherwise
sinc(?) I1(f)
t+1, -1<t<0 ;
A)y=< —t+1, 0<t<1 sinc?(f)
{ 0, otherwise
sinc?(7) A(f)
e y_1(1),a >0 a+}+nf
te ®u_1(t),a >0 m
el -
a*+Q2nf)
e—m2 e-—7rf2
1, t>0
sgn(t) =< -1, t<0 1/(jnf)
{ 0, t=0
u_1 (1) 16() + 5
&'(2) ’ j2nf
8™ () (2nf)"
: —jmsgn(f)

ST 8 — nTo)

n=

% w8 (f — )
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Table 4;: Basic Continuous-Time Fourier Transform Pairs

Fourier series coefficients
Signal Fourier transform (if periodic)
+00 +0o0
Z ajpedtwot 27 Z apd(w — kwo) ar
k=—o0 k=—o0
gt 216 (w — wp) a =1
' ' 0 ap =0, otherwise
) T
. . 1 =a_ 1=73
7[5(w — wo) + 8w + w , 2
08 ik Gl — it G 4] ap = 0, otherwise
T
. v . a) = —a-1 = 5;
s wpt Ll —wi) — 6w + w ] j
w0 V] [3(w = wo) (@ wo)] ap =0, otherwise
ag=1, ar=0, k#0
= tl. 2 (w)

(

resentation for any choice of

this is the Fourier series l‘Cp-)
I'>0

Periodic square wave

t| <Th

1 +00 . )
R = 2sin kwoTh . woly . el i fe T
G { 0, Th <|t| < I) Z Ma(w‘ — kwo) 041 i oli) _ sinkwoly
; = i - - o=
and e
x(t+T) =x(t)
+0oc Foo
) : W y 27-}1 1 i .
”:Z_x 6(t — nT) T,\,_f 0 (W — 7 ) ar = = for all &
i 1, |t <Ti 2sinwTy
ofy fiin =2 :
sin Wt - 1, W <W
X(jw) = .
L] ) { 0, |w|>W
o(t) 1 -
1 .
u(t) — +7md(w)
jw
a(t —tg) o—iwt —
il
e u(t), Re{a} >0 e o
; T
te"u(t), Ref{a} > 0 -
€ lu( ), Re{a} CEE
%e_“tu(t). o
Re{a} >0 (a + jw)m




Table 3: Properties of the Continuous-Time Fourier Transform

L™ e <5
(L) = %/ X(jw)e!“ dw

X(jw) = [ x(t)e It

Property Aperiodic Signal Fourier transform
x(t) X(jw)
y(t) Y(jew)
Linearity azx(t) + by(t) aX(jw)+bY (jw)
Time-shifting x(t —to) e~ X (jw)
Frequency-shifting oty (t) X(J(w—wp))
Conjugation =¥ () X*(—jw)
Time-Reversal z(—1) X(—jw)
1 jw
Time- and Frequency-Scaling x(at) HX (1—)
a a
Convolution x(t) = y(t) X(jw)Y (jw)
Multiplication x(t)y(t) QLX(JLU) * Y (jw)
Iy
d .
Differentiation in Time EIU) jwX(jw)
"t
Integration / x(t)dt —X(jw) + 17X (0)d(w)
5 Jw
d
Differentiation in Frequency tr(t) ]d—X (jw)
X(jw) = X7 (—jw)
e . e Re{ X (jw)} = Re{ X(—jw)}
gl(;ll_]ﬁi,ate Symmetry for Real ilimed] Sl )| = — Sl il
“ X ()] = [X ()|
. o Ty X (jw) = =g X(—jw)
}mmetly M SR x(t) real and even X (jw) real and even
Signals

Szgilﬁsm\ o Ml (O x(t) real and odd X (jw) purely imaginary and odd
Even-Odd Decomposition for — a.(t) = E{x(t)} [x(t) real]  Re{X(jw)}
Real Signals 1,(t) = Od{x(t)} [v(t) real]  jSM{X(jw)}

Parseval’s Relation for Aperiodic Signals

—+00 ) 1 +o0o ] "
|t = o [ G




_ Fourier Transform for Periodlc/

Signals

Let x(t) be a periodic signal with period To. Let 1%}
denote the Fourier series coefficients corresponding to this
signal. Then

Since

we obtain -
X (f)= ana“[f—Tij.

0

N=—o0
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If we define the truncated signak; (t) as

X(t), . <f=< T
X; (t) =1 2 2

| 0, otherwise.

we may have

xt)= > % (t—nT,)

=X () * i o(t—nT,).



'«__Byusing the convolution theorem, we-obtain

X(f)zXTo(f){Ti ié(f —Tﬂﬂ

Comparing this resultwithx(f) iy i X Ol f 0 :
n Tb

N=—o0

T, T,

0 0

we conclude 1 N
S



ative way to find the Fourier series-coefficients. Given the periodic
signal x(t), we carry out the following steps to find

: Koav
1. Find the truncated signal

2. Determine the Fourier transforrr)(T (t) of the
0
truncated signal.

3. Evaluate the Fourier transform of the truncated signal X ()
0

atf _ N, toobtain the nth harmonic and multiply ?/
T Ty
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Wle 2.2.3: Determine the Fourier-series coefficients of the signal x(t)

' shown in Figure 2.2.

x(r) A

— - T

1

Solution: The truncated signal is m
o

t Figure 2.2 Periodic signal x(r).
X1, (1) =11 —

: ; T
and its Fourier transform is

Therefore,

X, (f) =7 sinc(zf).



