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When the French mathematician Joseph Fourier

(1768—1830) was trying to solve a problem in heat
conduction, he needed to express a function as an
Infinite series of sine and cosine functions:

a - :

=—"4% (a, cosnat+b, sinnaot)
2 n=1
d,

7+a coswt+a, cos2mt +.........

+b, sinawt +b, sin 2wt +.........
The above series Is a trigonometric

series, later called as Fourier series.



Interest in studying Fourier Series In the field of
Science and Engineering is increased because this
provides an important tool in solving problems
that iInvolve ordinary and partial differential
equations.

The theory of Fourier series is rather complicated,
but the application of these series Is simple.



INntroduction

A Fourier series Is an expansion of a
periodic function f (t) In terms of an infinite sum
of cosine and sine series

f(t)= %+ Z(an cosnNat + b, sin nwt)
n=1



In other words, any periodic function can be
resolved as a summation of constant value,
cosine and sine functions as

2

B (8, coswt + b, sin wt)

2

d - :
f(t)=—"+ Z(an cosNat +b, sin nat)
n=1

+(a, cos2mt + b, sin 2wt)

+(a; cos3mt +b, sin3wt) +...



Periodic function

If at equal intervals of abscissa t, the value of each
ordinate f(t) repeat itself, then y = f(t) is said to be a
periodic function having period T, I.e.,

f(t) =1 (+T) for all t.

Examples: Sin t, cos t are periodic functions
of period 2.



Fourier series for period T

f(t) :%J“Z(an cosNat +b, sin nwt) (1)
n=1

27

where @ = - = Fundamental frequency

:2 T
a, =?j f (t)dt
0

2
a =—
T

=
j f (t) cos nwtdt b =
0

2

T

T

J- f (t)sin nawtdt
0

T/2

*we can also use the integrals limit j :

=172




Determination of Fourier Coefficients

To find the value of a, we haveto integrate both sides of
Eqgn. (1) from O to T, then

jf(t)dt——jdt+I(Za cosna)tjdt+j£2b smna)tjdt

o g,T
o 2 2

_T[ f (t)dt f(1) :%+i(an cosnat +h. sinnat)
0 n=l

To flnd the value of a, and b, we have to multipfy
both side of Egn. (1) by cos nawt and sin not
respectively and then integrate fromO0to T

27 2
:?_([ f (t) cos nowtdt b. :?'([ f (t)sin nawtdt




Solution




Then, obtain the coefficients a,, a, and b

2T 22 1 2
aoz?jf(t)dtzgjf(t)dt:jldt+j0dt:1—0:1
0 0 0 1

b
Or, since jf(t)dt IS the total area below graph
y = f(t) over the interval [a,b], hence

| Area bel h
a0=3If<t)dt:3x( i e"wg"ap] :
TO

=—x(Ix1)=1
T over [0, T ] 2



2
a =zj f (1) cos hotdt
T 0

1 2 . 1 .
= jlcos nfztdt+_[0dt = [smnﬂt} _Smh7z
0 1

nr |, Nz

Notice that n is integer which leads smnz =0,
since sinz =sm2z=sm3z=...=0

Therefore, a, =0.



2
b, =2I f (t)sin netdt
T 0

1 2 1
= [1sin natdt + [ odt {— Cosn’ﬂ _1=cosnz
0 1

nr |, Nz
Notice that cosz =cos3z =cosdz=...=—-1
cos2mt=cosdrmr =cosb6br=...=1

or cosnz=(-1)"
—(=D" 2/n ., hodd
N bn:1 (—1) :{ 2 0

Therefor

1V 0 , Neven






[Supplementary]

The sum of the Fouriler series terms can evolve
(progress) into the original waveform

From Example 1, we obtain
f(t):l+£sin7zt+isin37z’t+isin57z‘t+...

2 RY/4 NY/4
It can be demonstrated that the sum will

lead to the square wave:



Some helpful identities

sin(—X) = —sin X cOoS(—X) = Ccos X

For n integers,

sinnz =0 cosnz =(-1)"

sin2nz =0 cos2nz =1
. N : : : :
sm7”=0 (If niseven) cos%”zo (If nisodd)

=+1 (if nisodd) ==x1 (if niseven)



Even and Odd Functions
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Even symmetry

O




Odd symmetry

O




Even and odd functions

The product properties of even and odd
functions are:

(even) x (even) = (even)
(odd) x (odd) = (even)
(even) x (odd) = (odd)
(odd) x (even) = (odd)



Fourier series for even and odd functions In
the interval (-T/2to T/2)

Case I: when f(t) is an even function

2T/2 T/2
a ftdt—— f(t)dt
: T_Tj/zo j (t)
T/2 T/2

— jf(t)cosna)tdt—— jf(t)cosna)tdt

—T/2
T/2

2 :
b, == | f(®)sinnetdt =0
T ~-T/2
The Fourier series for the even function Is

a w
f (1) =70+Zan cos Nat
n=1



Fourier series for even and odd functions In
the interval (-T/2to0 T/2)

Case Il: when f(t) IS an Odd function
T/2

< jf(t)dt—

—T/2

2 T/2
a =— jf(t)cosna)’[dt:O

n T —-T/2
T/2 T/2
< jf(t)smna)tdt_— jf(t)smna)tdt

—T/2
The Fourier series for the even functlon IS

f(t)= an sin Nt
n=1



Conclusion

Fourier series only supportperiodic functions
In real application, many functions are non-periodic

The non-periodic functlons ,arg often can be defined over
finite intervals, e.g.

y=1 y+1 :

//\

N\

Therefore, any non-periodic function must be extended
to a periodic function first, before computing its
Fourier series representation

Normally, we prefer symmetry (even or odd) periodic
extension instead of normal periodic extension, since
symmetry function will provide zero coefficient of either
a,orb.




Assignment-1

Q.1 Iff)= {E=2}" in the interval § = 1 = Zm , show that

—

f(x) = —lnﬁ' + Lo =s —Dﬁ?:{ hence obtain the following relations:
. 1,1 Al a-
= = = = ... =
€)) =t T35 =
o i_ i 3 _ ., =
(11) j: _:: E': ELl BER NIF BEE BELE BHEER P i:
ey 1 l L e
111)— F — e — 1A — ——
( )j_: E: i: Err Err ol ELl B NED BN E

Q.2 :Expand f(x) = |cogx| asz o fourler sgrleg — @ =2 X =2 i@

Q.3: Expand [{x] = |ginz| as a Fourier series in the interval, -t <x <

. . - - ' . . TL
Q. 4 Obtain a fourier series to represent &~ #f from x — —7 to w — m.hence derive series for— 3|
ELONTE
ST ST TR - = =f--1E ' '
Q.5 : Prove that coswa = { i —_——F ... ] in the interwval{ —arm)
T T A= =S S5 & .

Where wis a non- integral ,hence deduce that

ncosec(Wx)=2=_ (—1)" [m1 +——]

4w mnt+l—sww




Assignment-2

Q. 1:Find the fourier series of the function
— Tz, i an o omE gE
e E —x .—ar =Nz O
Q.2:Find fourier series for f(X)Z{ﬂi’H—W R om0
And hence deduce that
i —+ _:_iz

Q) o+ =+

Gii) 1

4
—— —+
1.3

P S - Sl

Q.3: Obtain the Fourier

eries for the function
F(X):{'.L:n .

=]

*:j' - E::I i .

Q.4: Find the Fourier of the function g(x = ¢ =
where f{=-+ ZJ = (=)

j:.'l'.""ﬂj

Q.5: Find the half-range series for the function f(x)=¢z — 1

In the interval O« zz == 1 and show that

! AL L — mT
I:i:' 12 _|_:_=_E_=_'_"'|||||||| [ A T e
(ii) ;_:_:L_:_;_:_-IIIIIIII B oEEE mEw |||||=E
(LD = i~ 2

(]



Assignment-3

Q.1 Obtain the Fourier Series of a Function
flzy = x2in{%) In the inteval - « %« 0@
Q.2: Find the half range sine and cosine series of the function

p R

(8, == % e

TL

[(=) =

Q.3: Find a series of cosines of multiples of x which will represent

=

#ElEE  in interval (-, 7w ) and show that e — - ...

1.3 3.5 7

L

Q.4: Find fourier series for function f{z] = 1 —cosix  in (-m@.m)
Q.5:Draw the graph of wave forms & find fourier series for all wave forms
Q.6:Find the Fourier expansion for f(x)=nx from x=-c tox=c

Q.7.Find the Fourier series to represent f(x)=x-2,where -2<x<2

Q.8.0Obtain a half-range cosine series for

1
Fx fﬂ*ﬁ@?ﬂ.ﬁrﬂﬂﬁ

KL =] fargmxw 1

Fx)







