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CONVOLUTION
PROPERTIES




Scaling Property

¢ Scaling property:

x(t) &= X(s)

| /s fora >0
x(at) &= -X (—)
a \a

+ Time compression of a signal by a factor @« causes expansion of its
Laplace transform in s-scale by the same factor.



Time-Convolution & Frequency-Convolution
Properties

Time-convolution property:

x,(t) < X,(5) and X (1) = Xa(s)

x1() *x:(t) &= X,(5)X(s)

Convolution in time domain is equivalent to multiplication in s (frequency)
domain.

Frequency-convolution property:

x1(t) = X,(5) and X(1) = Xa(s)

l
x1()x2(t) == —[X1(s) * X, (s)]
2mj

Convolution in s (frequency) domain is equivalent to multiplication in
time domain.



Application of the convolution Properties

+ Use the time-convolution property of the Laplace transform to determine
c(t) = e u(t)*e”u(t).

+ Since “u(t) & : e"u(t) & :
(s—a) (s—D)
¢ Therefore  e“u(r)*e”u(r) & 1
(s—a)(s—Db)
Cls) = 1 - 1 [ 1 B 1 ]
(S)_(S—a)(s—b)—a—b s—a §—0b

¢ Perform inverse Laplace transform gives:

{:(!) i ({?m _ EM)H(TJ

a—>b



Relationship with time-domain analysis

¢ If 1(r) is the impulse response of a LTI system, then we have seen
in chapter 2 that the system response y(z) to an input x(z) is x(1)*y(z).

¢ Assuming causality, and that (1) & H(s) and «x(t) & X(s)
then ¥(s) = X(s)H(s)

¢ The response (1) is the zero-state response of the LTI system to the
input x(7). It follows that the transfer function Hy(s):

Y(s) L[zero-state response]

B} = X(s) L[input]

HW5 Ch4:4.1-1(a, b, c,d), 4.1-3(a, b, ¢, d, f), 4.2-1(a, b, e, g), 4.2-3 (a,c), 4.2-6



Summary of Laplace Transform Properties (1)

Operation x(f) X(s)
Addition X1 (1) + x2(8) X (s) + Xa(s)
Scalar multiplication kx (1) kX (s)
d" =
Time differentiation E? sX(s)—x(07)
d* 4 :
¢ $2X (5) — sx(07) — x(07)
dt-
Elrﬂ"‘t' ;X( ) g (0_) +(U_) .‘(0_)
— s'X(s) —sx — 5X -~ X
Q‘f'l'
ﬂ S”X{S) . Z Su—ffxik |}([} )
dt” k=1
. ‘ - 1
Time integration / x(r)drt ;X(:«.r}
0-

of 1 1 ]
/ x(t)dr _.X(S)+_./ x(t)dt

S 5 J



Summary of Laplace Transform Properties (2)

Operation x(f) X(s)
Time shifting x(t — fu(t — ty) X(s)e 0 ;=0
Frequency shifting x()e™ X (s —sp)
dX(s)
Frequency =px(f) T
differentiation _:
. . x(t) '
Frequency integration — / X(z)dz
: 1 s
Scaling x(at),a =0 - X (—)
a a
Time convolution x1(1) * x2(2) X,(5)X5(s)
Frequency convolution x1(t)xa(t) = Xi(s) * Xa(s)
]
Initial value x(0™) lim s X (s) (n > m)

Final value x(00) limsX(s) [poles of s X (5) in LHP]



Laplace Transform for Solving Differential Equations

¢ Remember the time-differentiation property of Laplace Transform

d*y

ol s“Y (s)

¢ Exploit this to solve differential equation as algebraic equations:

time-domain
. analysis - (1)
x(1 .
V(1) -y solve differential
equations

X (s) |frequency-domain|* (5)
x(t) wm L wipp- analysis -El (1)

solve algebraic
eauations




Example (1)

+ Solve the following second-order linear differential equation:

d‘iﬁ +5ﬁ+ 6y(1) :EJFX(I)
dr~  dt dr

+ Giventhat ¥(07)=2,9(07)=1and input x(r) = e "u(r).

Laplace (Frequency) Domain

ay sY(s) — y(07) = s¥(s) — 2
dt
rf‘j'_‘ﬁ.' “Yis) — sy(07) —y(0) = 5°Y(5) —25 — ]
dt’
| l
x(t) = e Mu(t) Als)= s+ 4
dx S s
— s X(§) —x(07) = — — 0 =
{ff Ly -+. ,,_]_ § + _]_



Example (2)

Laplace (Frequency) Domain

i l,-ﬁ: o I, — 2L1 — 5 .‘ ."'L‘ _2 ¥ l1
d-y dy dx ls°F (s) s — 1]+ 3[s¥(s) ]f.'+mh}|
>+ 5 +6y(t) = — +x(t) -5
dt* dt dt 4153

9 l1 * ]
(s + 55 +6) ¥ (s) — 25 + 11) = ——
s+ 4

25* + 205 + 45

(s> + 55 +6)Y(5) =
s+ 4

25 + 20s + 45
(s+2)s+3)(s+4)

)
y = J]" 5" 2t . - 3 . 3 3 41 7(¢) — = o . /
y() = (e 3¢ e ) u(t) Y (s) R ——



