TIME SHIFTING PROPERTY OF LT




Time Shifting Property of the Laplace transform

Time Shifting property: e X6
Il =

x(t —ty) = X(s)e™

Delaying x(7) by ¢, (i.e. time shifting) amounts to multiplying its transform
X(s) by 7"

Remember that x(z) starts at r = 0, and x(r - 7,) starts at r = 7,,

Therefore, the more accurate statement of the time shifting property is:
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x(t—to)u(t —ty) <= X ()™ =0




Application of Time Shifting

¢ Find the Laplace transform of x(r) as shown:
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Frequency Shifting Property

Frequency Shifting property: x(t) <= X(s)

x(1)e" = X(s — )

Frequency shifting the transform X(s) by s, amounts to multiplying its time
signal by ¢™

Observe symmetry (or duality) between frequency-shift and time-shift
properties.

x(t) &= X(5) for ty > 0

x(t—1ty) &= X(S)B_“”




Application of Frequency Shifting

Given cos bt u(t) <= show that ¢ cos bt u(f) &= ————

s+b ! (s + a)? + b*

Apply frequency-shifting property with frequency shift so=-a" .

Replace s with (s+a) means frequency shift by -a. This yields the RHS of

the equation. By frequency-shifting property, we need to multiply the
LHS by ¢ ™.



Time-Differentiation Property

+ Time-differentiation property: x(t) < X(s)
j—: & sX(s)—x(07)
¢ Repeated application of this property yields:
g-f}- & s°X(s) — sx(07) — x(07)
%Z— = 5"X(s) — 5" 'x(07) =" X(O07) — - —x"7(07)
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+ Frequency-differentiation property: x(1) &= X(s)
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Proof of Time-Differentiation Property
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+ Integration by parts gives: y=est dv=dx
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¢ For the Laplace integral to converge, it is necessary that

x(t)e" = 0ast— oo
¢ Therefore we get:
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Application of Time-Differentiation

¢ Find the Laplace transform of the signal x(t) using time differentiation and

time-shifting properties.
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Time-Integration Property

+ Time-integration property:

x(t) <= X(s)
/ x(r)dtr A1)
0

¢ The dual property of time-integration is the frequency-integration
property:

x(t) < X(s)
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