Basic properties ot
Fourier Transforms




2.2.2 Basic Properties of the Fourier
Transtorm

* Linearity Property: Given signals % (t) and X,(t)
with the Fourier transforms F [x®)]=X.(f)

F [Xz(t)] = Xz(f)-

The Fourier transform of  aX% (t) + %, (t) is

F [ax (t)+ 6% O)]=aX (f)+BX,(f).




* Duality Property:

If X(f)=F [x(t)], thenx(f)=F [X(-t)]and x(—f)=F [X(t)].

Proof:
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« Time Shift Property: Ashift of t, in the time origin
causes a phase shift of —2zft, in the frequency domain.

= [x(t—to)]:e‘jz”ﬂoF [X(1)].
Proof: > _
F [x(t—t,)]= j X(t —t,)e 1% "dt.
Let t'=t—t, =

Fx(t-t)=| Xt t o d

_ o127 J‘_OO X(t |)e—j27zft'dt|
= e 177RE Ix()] = e‘jz’ff_to X (f).




« Scaling Property: For any real a=0 , we have
F [x(at)]:ix (ij
a \a
* Proof:
Case 1: a>0
F [x(at)] = j_“’ x(at)e 12" dt.
Let t'=at; we have dt=(1/a)dt’
F [x@l=2 [ xee =2 x( L)
R a \a
Case 2: a<0
F [x(at)] = j x(at)e 1% "dt.

Let t'=at ; wehave dt=(1/a)dt’

F [x(at)]:% I

ooX(t |)e—j27z'(f/a)t'dt|: _1 X (ij
ad d
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« Convolution Property: If the signal x(t) and y(t) both
possess Fourier transforms, then

F [x)+yM®)]=F [x(O] F [y(®)]=X(T)Y(T).

Proof:
Convolution  x@®)*y(®)=[ x(x)y(t-7)dz
F x@*yol=| ( [ x@)y(- Z')df)e_jZ”ﬂ dt

e x(r)( [ y(t—r)ejz”ftdt)dr

- [ Maler i)k

=Y(f) j_ix(r)e‘jz””dr
= X(f)Y(f).




« Modulation Property: The Fourier transform of Xx(t) e'*"™
IS X(f —f) ,and the Fourier transform of

X(t) cos(27 f,t) = x(t) % (ejzﬂfot 4ot )
IS

. Proof:

1 1
> X(f = o)+ X(F + o),

F [X(t)ejZEfot]: 0 X(t)ejznfote—jZEﬁ dt

= .0 X(t) e_j27z'(f—fo)t dt
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« Parseval’s Property: If the Fourier transforms of x(t)
and y(t) are denoted by X(f) and Y(f), respectively,
then

[" x®yy @®dt=[" X(f)Y"(f)df.




 proof:

o0

[~ x@y tydt=| w( [ X(u)ejz”“‘du)( ti(v)ejz”V‘dv)*dt

[ X (u)Y " (u)du

X (f)Y (f)df.




« Rayleigh’s Property: If X(f) is the Fourier transform of
X(t), then

| @ dt=| [X(f) df.

. Proof: -

L, o de= [ x® X' dtfjix(f)X*(f)df =[" |x(f)[" df

Parseval’s Property




« Autocorrelation Property: The (time) autocorrelation
function of the aperiodic signal x(t) is denoted by R (z)
and is defined by

R (z)=[ x(®)x'(t-7)dt.

The autocorrelation property states that
F IR, @1=|X(f)".

 Differentiation Property: The Fourier transform of the
derivative of a signal can be obtained from the relation

F {%x(t)}:jzzf X (f).




 Integration Property: The Fourier transform of the
Integral of a signal can be determined from the relation

T

F [ x@ar =24 2 x @)

. Moments Property: IfF [x(t)]= X (f). then | t"x(t)dt,
the nth moment of x(t), can be obtained from the relation

© e
Lot x(t)dt_(zﬂj = X (f)

=




TABLE 2.1 TABLE OF FOURIER TRANSFORMS

Time Domain (x(¢)) Frequency Domain (X (f))
8(1) 1
1 8(f)
5(f _ I()) e—ﬂnfto
gl fot 8(f — fo)

cos(2 fot) 18(f = fo) + 38(f + fo)

Sin(27 fot) —L8(f + o) + £8(F = fo)
1, <3

ne =< 1, ==}
0, otherwise
sinc(t)
t+1, ~-1<t<0
A@)=¢ —t+1, 0<t<l1
{ 0, otherwise
sinc?(¢)
e u_1(t),a >0
te ™ u_1(t),a >0
e—altl

e—:ﬂ'n‘2
t>0

1,
sgn(t) =4¢ =1, t <0
0, =0

u_1(t)
&'(2)
5(")(t)
1

t
S T8t —nTp)

sinc( f)

(£
sinc?(f)
A(If )

a+j2nf

1
@+j21f)?

2
a?+(Q2nf)?

2
e S

1/(jmf)

38N + 57
j2nf
(j2rf)"
—jmsgn(f)

% L8 (f = %)




Table 4: Basic Continuous-Time Fourier Transform Pairs

Fourier series coefficients

Signal Fourier transform (if periodic)
+00 +00
Z el Fwot 27 Z apd(w — kwo) ay
k=—00 k=—0c
- =1
Jwot 9w — w ay
g g —aig) ap =0, otherwise
cos wot [0 (w — wo) + 6(w + wo)] L= % ;
) ap =0, otherwise
T
. T, < a] = —a-1 = 57
Sin wqt Ll lw—w) — 6w 4 w 7 7
“0 j[ (W = wo) (W wo)) ap =0, otherwise
ag=1, apg=0; k#£0
F(E)=11 210 (w)

T">10

this is the Fourier series rep-
resentation for any choice of

Periodic square wave
1 |l“ < Ty

—+00 0 :
I { 2 sin kwolh woly . kwoT sin kwoTh
( 0, Th <[t| < % Z fcﬁ(w — kwo) o sinc - =%
and k=—oc0
x(t+T) =x(t)
+o00 “+o0
. 27 . 27k 1
Z o(t —nT) T (W— " ) akfftm all k&
N=—00 k=—o
' 1, [t<Ti 2sinwT)
"(”{ 0, |t|> T} -
sin Wt |1, |w<W
t i) { 0, |w>W o
o(t) 1 —
i -
u(t) — +7o(w) -
jw.
o(t — tg) e~ Jwto
il
—at .
, (t), R =0 *
e""u(t), Re{a} ——
1
te”%u(t), Refal > 0 . —
ult) el g
(fl_l)!eﬂ“t'u(t). 1
Re{a} >0 (a+ jw)m




Table 3: Properties of the Continuous-Time Fourier Transform

#(t) = 2%_ /_oo X (jw)e dw

X(jw) = /‘00 x(t)e It dt

—0o0

Property Aperiodic Signal Fourier transform

x(t) X(jw)

y(t) Y (juo)
Linearity ax(t) + by(t) aX(jw) + bY (jw)
Time-shifting x(t —to) e I X (jw)
Frequency-shifting ety (t) X(j(w — wy))
Conjugation ¥ (t) X*(—jw)
Time-Reversal x(—t) X(—jw)
Time- and Frequency-Scaling x(at) ﬁX (%u)
Convolution x(t) = y(t) X(jw)Y (jw)
Multiplication x(t)y(t) 2—17T-X(jw) *Y (jw)

d
Differentiation in Time EEI(t) JwX(jw)

t
Integration / x(t)dt ,iX (jw) + 7 X(0)d(w)
- i
Differentiation in Frequency ta(t) j %X (jw)
X (jw) = )i*(—jw) y
. Re{X (jw)} = Re{ X (—jw)

Conjugate Symmetry for Real i) ol QX (1)) = S X (—jeo))

Signals

Symmetry for Real and Even

Signals
Symmetry for Real and Odd

Signals
Even-Odd  Decomposition for

Real Signals

x(t) real and even

x(t) real and odd

xo(t) = E{a(t)}  [2(t) real
2,(t) = Od{x(t)} [z(t) real

X (jw)| = [X(—jw)]
FX(w) = =X (=jw)

X (jw) real and even

X (jw) purely imaginary and odd

Re{ X (jw)}
JIm{X(jw)}

Parseval’s Relation for Aperiodic Signals
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