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NORMAL SUBGROUPS

Let (H,® be a subgroup of (G, . Then (H,®
IS @ normal subgroup If, for any a € G, the left
coset a*H jsequal to the right coset Hea
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(H,* isanormal subgroup where H = {o,3,7}
e.g. SeH={5ea,5eB,50y}= {6,@,8}

Hed={0e5 ped,yed}=150)

Theorem: In an Abelian group, every subgroup
IS @a normal subgroup



CYCLIC GROUP

A group G is called cyclic if there
exists an element g in G such

that G =(g) ={g" | nis an integer }.
Since any group generated by an
element in a group Is a subgroup of
that group, showing that the

only subgroup of a group G that
contains g Is G itself suffices to sho
that G Is cyclic.



EXAMPLE OF CYCLIC GROUP

For example, if G =
{0°9%0%9°0%¢g° }isa
group, then g® =g, and G is
cyclic. In fact, G Is essentially
the same as (that

IS, Isomorphic to) the set{ 0, 1,
2, 3, 4, 5} with addition modulo
66. For example, 1 + 2 = 3 (mod
6) corresponds to gt-g? = g2,
and 2+ 5=1 (mod 6)
corresponds to g2-g°= g’ = g,
and so on. One can use the
isomorphism X defined by x(g")



CYCLIC GROUP

For every positive integer n there is exactly
one cyclic group (up to isomorphism)
whose order is n, and there is exactly one
infinite cyclic group (the integers under
addition). Hence, the cyclic groups are the
simplest groups and they are completely
classified.

The name "cyclic" may be misleading: it is
possible to generate infinitely many
elements and not form any literal cycles;
that is, every g" is distinct. (It can be said
that it has one infinitely long cycle.) A group
generated in this way is called an infinite
cyclic group, and is isomorphic to the
additive group of integer Z.



CYCLIC GROUP

Furthermore, the circle group (whose
elements are uncountable) is not a cyclic
group—a cyclic group always

has countable elements.

Since the cyclic groups are abelians, they are
often written additively and denoted Z,..
However, this notation can be problematic
for number theroitists The

guotient notations Z/nZ, Z/n, and Z/(n) are
standard alternatives. We adopt the first of
these here to avoid the collision of notation.

One may write the group multiplicatively, and
denote it by C,, where n is the order (which
can be «). For example, g°g* = g in Cq,
whereas 2 + 4 =1 in Z/5Z.

Properties



INTEGRAL DOMAINS AND FIELDS

(A, ®,¢) isan integral domain if it is a commutativ
ring with unity that also satisfies the following

property;
VX,y eAXxey=0 = x=0o0ry =0

(Z,+,%) is also an integral domain

(A, @, isafield if:

(1) (A, ® isan Abelian group

(2) (A-{0},¢) is an Abelian group

(3) The operation ® is distributive over the
operation @

Example:The set of real numbers with respect to
+and x is a field.

(Z,+,%) is not a field. Why?



A FIELD IS AN INTEGRAL DOMAIN

Let (A, ®,) be a field then certainly (A ®,e)
IS @a commutative ring with unity. Hence, it only
remains to prove that

VX,y eAXxey=0 = x=0o0ry =0

Now suppose Xey =0 then if x=0 the above
holds. Consider the case then where X # 0

Since (A-{0},%) isan Abelian group then it
must contain an inverse to X, X . for which the
following holds

y:]_.y:(x'lox)oy: X'lo(Xoy):X_loo

Now
ao(Oér)O):aoO

—ae(0®ae0=ae0 (distributivity)
—ae0®ae0=ae0® 0 (0 is identity)
— a ¢ 0 =0 (cancellation laws for ®)

Therefore y=0 as required



PROPERTIES

Theorem: if (A, ®,¢) isaring. Then
VXeAODex=xe0=0

Proof: as for previous argument

Let -x denote the inverse of x under ®

Theorem: if (A, ®,9) is a ring then the following
hold

(i) (X)ey=xe(-y)=-(xey)

(i) () e(-y)=xey

Proof: (i)

(x® (-x))ey = 0 e y (additive inverse)

= 0 (by above theorem)

= X oy @ (-x) ey =0 (distributivity)

= (-x)ey =-(x oy )® 0 (division laws for ®)
= -(x o y) (additive identity)



(i) (-x)e(-y)=—(xe(-y)) (part(i))
= ((-(x* y))) (part(i))

= X o y (double inverse)

for both (i) and (ii) the symmetric cases are
proved similarly

Theorem: suppose that elements a,b and ¢ of
an integer domain satisfy 2*P=2a¢C and a =0

then b=c.
Proof:

aehb®-(aec)=aec®-(aec)=0 (additive inverse)
Now -(aec)=ae(-c) (prev. theorem)
-.ae (b ®—c) =0 (distributivity)

by defn. of integer domain
=((b®-c)=0]| .
since a # 0 )

= b =0 ({-c)) (by devision law for ®)

= b =c (double inverse)



APPLICATION & SCOPE OF
RESEARCH

Coding Theory
Cryptography



